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Nothing in life is to be feared, it is only to be
understood. Now is the time to understand
more, so that we may fear less.
Marie Curie
The most beautiful thing we can experi-
ence is the mysterious. It is the source of all
true art and science.
Albert Einstein

Para mi madre, que con sus actos de amor fue
el origen de todo esto.
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The insertion of motion into the quantum realm, on one hand, has opened
the door to study fundamental non-classical physics with macroscopic ob-
jects, and, on the other hand, brings promising applications for the emerg-
ing field of quantum technologies. The two main paradigms to accomplish
such intriguing properties in mechanical resonators are their coupling with
light confined in cavities and with artificial atoms working as quantum bits
(qubits). Both are framed within the quantum acoustics field. Accord-
ingly, implementation of many proof-of-principle studies brought from the
quantum optics led to outstanding achievements in the field during the last
decade, not to mention that quantum acoustics has only just started to
be catapulted as a preferred scenario to realise highly performant quantum
networks by being integrated with already existing architectures. A step
further, the combination of qubits, cavities and mechanical resonators in a
single platform, brings so many unprecedented opportunities that nowadays
it has become a very active research field known as hybrid optomechanics.
In this thesis, several setups involving atoms, light an motion are studied
from the theoretical point of view. The main goal of the thesis is to obtain
widely desired attributes of quantum networks using mechanical resonators.
Firstly, this thesis demonstrates that mechanical resonators, working as me-
diators between qubits and cavities, allow the emission of on-demand single
photons. Secondly, the research proposes that mechanical resonators can
work as resources for entangling separated light-matter or cQED (from cav-
ity Quantum Electrodynamics) nodes in a quantum network. Finally, along
with experiments carried out by researchers from the Quantum Nanome-
chanics group at Aalto University, this thesis presents a scheme to interface
xiv Contents
multiple modes of a microwave mechanical resonator by the use of a super-
conducting qubit. Particularly, the external modulation on the qubit fre-
quency is proposed as a mechanism to switch on and off the qubit-mechanics
interaction, which is accompanied by a protocol for quantum storage.
Keywords: Cavity Quantum Electrodynamics, Cavity Optomechanics, Cav-
ity Quantum Acoustodynamics, Hybrid Optomechanics.
Español
La introducción de movimiento en el dominio cuántico, por un lado, ha
abierto la puerta al estudio de f́ısica no-clásica fundamental con objetos
macroscópicos, y por otro lado, trae aplicaciones prometedoras para el
campo emergente de tecnoloǵıas cuánticas. Los dos principales paradig-
mas para lograr tales propiedades interesantes en resonadores mecánicos
son su acople con luz confinada en cavidades y átomos artificiales fun-
cionando como bits cuánticos (qubits). Ambos están enmarcados en la
acústica cuántica. Por consiguiente, implementaciones de pruebas de con-
cepto tráıdas de la óptica cuántica llevó a logros extraordinarios en el área
durante la última década, sin mencionar que la acústica cuántica apenas
ha empezado a catapultarse como un escenario predilecto para realizar re-
des cuánticas muy eficientes al ser integrada con las arquitecturas ya ex-
istentes. Un paso más allá, la combinación de qubits, cavidades y reson-
adores mecánicos en una sola plataforma, trae tantas oportunidades sin
precedentes que actualmente ha llegado a ser un campo de investigación
muy activo conocido como optomecánica h́ıbrida.
En esta tesis, varias configuraciones involucrando átomos, luz y movimiento
son estudiadas desde el punto de vista teórico. El principal objetivo de la
tesis es obtener atributos muy deseados en redes cuánticas usando reson-
adores mecánicos. En primer lugar, este tesis demuestra que los resonadores
mecánicos, funcionando como mediadores entre qubits y cavidades, per-
miten la emisión de fotones individuales bajo demanda. En segundo lugar,
la investigación aqúı propone que los resonadores mecánicos pueden fun-
cionar como recursos para entrelazar nodos luz-materia o cQED (del inglés
Contents xv
cavity Quantum Electrodynamics) en una red cuántica. Finalmente, junto
con experimentos llevados a cabo por investigadores del grupo Quantum
Nanomechanics en la Universidad de Aalto, esta tesis presenta un esquema
para interactuar multiples modos de un resonador mecánico de microondas
mediante el uso de un qubit superconductor. En particular, la modulación
externa de la frecuencia del qubit es propuesta como un mecanismo para
prender y apagar la interacción entre el qubit y el resonador mecánico, lo
cual está acompañado por un protocolo de almacenamiento cuántico.
Palabras clave: Electrodinámica Cuántica de Cavidades, Optomecánica de
Cavidades, Acustodinámica Cuántica de Cavidades, Optomecánica Hı́brida.
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With the arrival of emerging quantum technologies using all the intrigu-
ing and powerful phenomena of quantum mechanics, and taking advantage
of the most recent fabrication techniques, it has been of great interest to
combine disparate systems in order to exploit the best of each one and
the complementary functionalities that they can offer [1]. It is well known
that light is good to carry information over long distances while artificial
atoms or quantum emitters can process it. At this point, mechanical res-
onators arise as promising candidates to store the information due to their
prospective high quality factors, besides, they are very compact in size and
can sustain multiple modes. Hybrid optomechanics is the area that stud-
ies systems involving mechanical resonators, light, and quantum emitters.
A generic sketch of hybrid optomechanical system is shown in the cover
page of this thesis. The interactions among the components depends on the
physical system itself, however, we can classify the possibilities into 4 large
groups:
• The light interacts with the mechanical resonator and the quantum
emitter, therefore, it involves cavity Optomechanics (cOM) and cavity
Quantum Electrodynamics (cQED), respectively.
• The mechanical resonator interacts with the light and the quantum
emitter, therefore, it involves cavity Optomechanics (cOM) and cavity
Quantum Acoustodynamics (cQAD), respectively.
• The quantum emitter interacts with the mechanical resonator and the
light, therefore, it involves cavity Quantum Acoustodynamics (cQAD)




















Figure 1-1.: Hybrid optomechanical systems. (a) Semiconductor quantum
dot embedded in a photonic crystal L3 cavity exposed to a
surface acoustic wave [2]. (b) Superconducting qubit coupled
to a coplanar waveguide cavity and to a suspended membrane
with flexural modes [3].
• Fully coupled hybrid optomechanical system, cQED+cQAD+cOM.
Ranging from the optical to the microwave domain, a great variety of hy-
brid optomechanical systems have been implemented, for example, see those
in Figure 1-1. In semiconductor systems, quantum dots inside microcavi-
ties have been integrated with mechanical degrees of freedom such as sur-
face acoustic waves (SAW) [2, 4, 5]. A slightly more promising scenario
are the superconducting circuits where qubits interacting with microwave
cavities have been integrated with piezoelectric mechanical resonators and
suspended membranes [3, 6–8]. Moreover, systems involving both optical
and microwave regime, along with an efficient transduction between them,
is highly desired to make truly functional quantum networks that benefit
from the computing power of superconducting circuits and the efficacy of
optical setups to transport the information over long distances [9, 10].
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In accordance with the classification above, here we mention some crucial
theoretical and experimental works in each group. First of all, the mix of
cQED with cOM typically allows to interface mechanical resonators with
quantum emitters by the mediation of photons in the cavity [11]. In partic-
ular, it has been demonstrated that the formation of tripartite atom-cavity-
mechanics dressed states or polarons help to cool down the mechanical mo-
tion [12, 13] and leads to the appearance of bistable behaviours [14]. The
optomechanical coupling can also help to tune the Rabi oscillations and
even suppress them [15, 16]. Furthermore, optomechanical cavities with an
atomic medium have been proposed to achieve Electromagnetically Induced
Transparency (EIT) [17] and entanglement between mechanical degrees of
freedom and atomic ensembles [18]. Similarly, the combination of cQAD
with cQED systems have been implemented in superconducting circuits [3,
6], and the quantum emitter mediation allows to reach the optomechanical
strong coupling regime [19, 20] and the realisation of Unconventional Cav-
ity Optomechanics [21]. Finally, when the mechanical resonator is set to
interact with both the qubit and the cavity, cQAD+cOM, it has been pro-
posed that phonon modes can interface light with matter [22] and serve as
universal quantum transducers for long distance quantum communication
[23], which has also been generalised for the implementation of quantum
networks [24]. In addition, slow light [25] and tunable photon blockade [26]
can be obtained in this kind of setups.
On the other hand, works considering fully connected systems, i.e., all parts
of the system interact each other (cQAD+cQED+cOM), have explored tri-
partite interactions by the changing mode distribution of the photon field
[27], which has been proved to realise cooling of mechanical motion and
nonclassical states of phonons [28]. The fully coupled system brings op-
portunities to achieve the also desired phenomenon of phonon blockade
[29, 30], and to mechanically manipulate the polariton spectrum [31]. In
particular, SAW’s have been shown to modulate the energies of quantum
dot-microcavity systems [5] to control the single-photon emission [4] and
create light-matter entanglement by Landau-Zener (LZ) transitions [32].
More complicated setups have been studied too, for instance, distant atoms
coupled with mechanical resonators, and these in turn interacting with a
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common superconducting qubit [33], or two cQED systems interacting with
a common phonon bus [34].
In conclusion, hybrid optomechanics is an increasing area with innumerable
capabilities that, on one hand, promises high performance devices for quan-
tum technologies, and, on the other hand, offers a rich platform for the study
of phenomena at the fundamental level. In the following years, we will wit-
ness plenty of ground-breaking developments in hybrid optomechanics from
both theoretical and experimental sides.
1.2. Outline of the thesis
The main goal of the present thesis is to exploit the potentialities of me-
chanical resonators interacting with cavities and quantum emitters. To
accomplish this, the thesis is organised as follows: In chapter 2, we provide
a theoretical framework consisting of the main aspects in the 3 fundamental
areas behind hybrid optomechanics: cQED, cQAD and cOM. Even though
most of this material is found in numerous textbooks, review articles and
research papers, it provides the basic interactions for the remaining chapters
that involve more elaborate setups, and also gives a brief state-of-the-art in
each of these areas.
In chapter 3, we propose an alternative way to reach the light-matter
strong coupling regime and explore the properties of polaritons induced
by phonons. In fact, we compare this system with a standard Jaynes-
Cummings Hamiltonian. Accordingly, standard applications of cQED, such
as on-demand single photons for information processing, would be straight-
forward. Most of the results are extensible to the case where photons me-
diate the interaction between qubits and mechanical resonators.
In chapter 4, quantum correlations arising between two cQED systems
coupled by a mechanical resonator are studied. Specifically, we investi-
gate effective interactions between uncoupled cavities as well as uncoupled
qubits, using a numerical diagonolisation and an analytical approximation
of the Hamiltonian. Bipartite entanglement among the subsystems is cal-
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culated. This setup would have promising applications for entangling nodes
in a quantum network and perform quantum state transfer between cQED
nodes.
Last but not least, in chapter 5, a system consisting of a multimode mechan-
ical resonator coupled to a superconducting qubit is studied in the context
of a recent experiment on Landau-Zener interferometry in this kind of plat-
forms [35]. Analytical and numerical calculations accurately reproduce and
provide a good understanding of the experimental measurements and the
physics therein. A dynamic modulation of the qubit allows to address each
mechanical mode of the multimode resonator and even mediate interactions
between different modes. such a platform can work as a quantum memory
given the long lifetimes of the mechanical modes. Finally, in Chapter 6 is
given an overview of the entire manuscript as well as some perspectives of
the thesis for future research.

2. Theoretical Framework
Throughout the thesis, we will see different proposals to simulate indirect
interactions using tripartite systems involving atoms, cavities and mechan-
ical resonators interacting with each other. For this reason, in this chapter
we provide the basic concepts of each of the 3 areas enclosing this thesis:
cQED, cOM and cQAD. Besides, some important theoretical tools will be
given in the chapter as needed.
2.1. Cavity Quantum Electrodynamics
Cavity QED is the study of confined light in a cavity interacting with quan-
tum emitters. The quantum emitter is able to transfer the quantumness to
the light under particular coupling conditions [36–38]. Among the different
interaction regimes, weak coupling (WC) and strong Coupling (SC) are the
most common in nowadays experiments. In the WC, the cavity changes
the photonic environment of the atom making its lifetime longer or shorter,
depending on the density of optical modes, such effect is known as the Pur-
cell effect [39, 40]. In contrast, SC is considerably more difficult to obtain
because it requires losses to be much smaller than the coupling [41, 42].
This regime exhibits Vacuum Rabi oscillations, i.e., the atom coherently





where µ is the dipole moment of the atom and E is the electrical field inside
the cavity. Mathematically, the above situation can be simply modeled with
the Jaynes-Cummings Hamiltonian (JCH) and numerous systems, like the
ones shown in Fig. 2-1, are well described for such a toy model. The most
iconic platform for cQED, and also the one with the first ground-breaking
experiments in the area, is the cavity Ramsey interferometer setup [43, 44],
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in which actual atoms are sent through an array of superconducting cavities
made up of highly reflecting mirrors (see Fig. 2-1a). Some states of atoms
called Rydberg states, that are strongly sensitive to electric fields, interact
with microwave photons confined in the cavity; such a dipole interaction
holds during the passage of the atoms through the cavity. The interferom-
eter configuration in the figure is set with the aim of preparing the atoms,
making them interact with the cavity and finally being measured. This
kind of experiments to manipulate and measure individual quantum sys-
tems were deserving of the 2012 Nobel prize [44]. Though fascinating on the
fundamental side, these platforms are not very practical to be integrated in
technological devices, right here solid-state systems arise as promising can-
didates for existing and future applications in quantum technology [45]. Of
particular interest are the semiconductor quantum dots embedded in optical
microcavities [46–51] or the superconducting qubits coupled to microwave
resonators [52–57]. In the first case, electron-hole pairs or excitons inside the
quantum dot interact with optical photons confined in defects designed in
semiconductor nanostructures like photonic crystals (Fig. 2-1b), micropil-
lars or microtoroids [48]. This light-matter platform is usually known as
the microcavity Quantum Electrodynamics (µcQED). Regarding the su-
perconducting circuits, Josephson junctures are engineered to behave as few
levels, and most cases two-level, systems and act as nonlinear elements in
the circuit [8, 54, 58]. The most typical superconducting qubits are charge,
phase and flux qubits, depending on the circuit design [58]. They are easily
controlled from the outside and are capacitively coupled to microwave pho-
tons in coplanar waveguide resonators (Fig. 2-1c) or in superconducting 3D
cavities. Among its multiple advantages, circuit Quantum Electrodynamics
(circuit QED), offers extremely high coupling values to reach not only the
strong but also the ultrastrong coupling regime [59].
The Jaynes-Cummings model, where the atom is considered as a quantum
Two-Level-System (TLS) and the cavity is described by a quantized field






†σ− + aσ+), (2-2)
where ωc is the cavity energy (in h̄ units), ωa is the atom energy, g = h̄Ω is
the Rabi coupling strength between the atom and the cavity, a (a†) is the
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(a)
(c)(b)
Figure 2-1.: cQED systems. (a) cavity QED with actual atoms flying
through macroscopic superconductor cavities [44], (b) micro-
cavity QED: semiconductor quantum dot grown on a photonic
crystal cavity [48], and (c) circuit QED: Cooper pair box cou-
pled to a coplanar waveguide resonator [53].
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annihilation (creation) photon operator and σz, σ−, σ+ are the TLS oper-
ators. Behind the JCH there are two important approximations [38], the
first one is the rotating wave approximation (RWA) which states that in the
atomic transition probability only rotating terms (ωc − ωa), are preserved
if the atom and cavity are quasi-resonant, ωc ≈ ωa. The fast-oscillating or
antirotating terms (ωc + ωa) appear to be relevant when the atom and the
cavity are far detuned and the ratio between the interaction rate and the
sum of frequencies, g/(ωc +ωa), becomes significant. This is exactly the ul-
trastrong coupling regime and is described with the quantum Rabi model,
which is the incorporation of terms aσ− and a
†σ+ in the JCH [59]. The
second approximation, so-called dipole approximation, asserts that the di-
mensions of the atom are much smaller than the cavity wavelength so there
is no spatial variation of the electric field over the extent of the quantum
emitter. Moreover, when the cavity mode is highly populated (large num-
ber of photons) or the dipole moment is not large enough, a semiclassical
treatment is sufficient to describe the interaction [61].
Since the JCH commutes with the total number operator, N = a†a+σ+σ−,
it can be diagonalised separately in each n- excitation manifold consisting of
states {|G, n〉 , |X,n− 1〉} (see Fig. 2-2a). |G〉 and |X〉 denote the ground
and excited state of the atom, respectively, while |n〉 denotes the number or
Fock state that represents photons in the cavity. The Hamiltonian matrix
in a single excitation manifold is then:
H(n) =
(









The light-matter interaction, lying in the non-diagonal elements, is respon-
sible for removing the degeneracy at resonance, ωc = ωa, by creating a pair
of superposition states as shown in Fig. 2-2a. The analytical expression for











The corresponding eigenvectors or eigenstates are given by:






















|G, n〉 , (2-6)
where tan (Θn) = g
√











, are usually called Hopfield
coefficients. Both eigenenergies and Hopfield coefficients are shown in Fig.
2-2b and c, respectively. Close to resonance, ∆ ≈ 0, the system state is not
a photon nor a matter excitation, but it splits in superpositions of |G, n〉
and |X,n− 1〉. Such light-matter dressed states are known as polaritons,
with a maximum mixing at resonance, ∆ = 0. The splitting between each
pair of polaritons, 2g
√
n, grows nonlinearly with the number of photons,
which enables the cavity to inherit the nonlinear nature of the TLS [42, 62–
64], and therefore, can be used to create exotic photon states for quantum
information processing [65–67].
A remark of the Jaynes-Cummings model is the limit of large detuning,












In other words, the cavity shifts the qubit frequency in an amount pro-
portional to the number of photons, i.e., an AC Stark effect. Accordingly,
this regime allows to perform quantum non-demolition measurement of the
qubit state.
In real experiments, the surrounding classical environment attacks the quan-
tum properties of the system. In particular, dissipation mechanisms, like
temperature effects or incoherent injection of energy, should be considered
in the description of these systems in order to give better explanations of
the observed physics. Even though there are several approaches to tackle
the problem of open quantum systems [68], we will focus on the density
matrix formalism where the state of the system is described by an oper-
ator, ρ, and is able to capture both the classical and quantum nature of




Figure 2-2.: Jaynes-Cummings physics. (a) States ladder. (b) Eigenen-
ergies and (c) eigenstates as function of the qubit-cavity de-
tuning. (d) Cavity mean number and qubit population as
function of the time, for g/κ = 0.1 (dashed), g/κ = 1 (solid)
and g/κ = 10 (dotted). (e) Cavity power spectrum at the
steady state as a function of the detuning for the same pa-
rameters. Other parameters: Γ/g = 0.1, PX/g = 0.1, ∆ = 0,
initial condition: |X, 0〉.
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real-world experiments. Indeed, the matrix density can be written as a
classical or mixed superposition of the Hamiltonian eigenstates as projec-
tors: ρ =
∑
i pi |Ψi〉 〈Ψi|. The evolution of the density matrix is ruled by














is the Lindblad operator that describes
the incoherent process through the operator c at a rate γc. For instance,
an incoherent pumping to the qubit is introduced with the operator σ+, its
spontaneous emission with σ− at a rate Γ, and the qubit dephasing with
σz at a rate γφ. The leakage of photons, κ, is described with the Lindblad
operator La(ρ). By solving the above system of differential equations for
the elements of density matrix, ρα,β, the expectation value of an operator
A can be calculated at any time as 〈A〉 (t) = Tr{ρ(t)A}. The diagonal
element ρα,α is the population of the state α (denoting the bare states of
the system), while ρα,β represents the coherences between different states.
In Fig. 2-2d is shown the mean excitation number of the qubit and the
cavity. They show many Rabi oscillations for a small incoherent effective
rate (Γeff = Γ + κ + PX), i.e., g/Γeff  1 (blue/red dashed lines). In
contrast, for g/Γeff ≈ 1, the coupling is barely strong enough to allow few
Rabi oscillations (blue/red solid lines). This limit draws the line between
the strong and the weak coupling, therefore, only exponential decay is ob-
tained for g/Γeff  1 (blue/red dotted lines). For a deeper study of the
Jaynes Cummings dynamics, see references [70, 71].
One quantity typically measured in most cQED experiments is the photolu-
minescence or cavity power spectrum, it gives information of how the light
emitted is spectrally distributed, i.e., the transition frequencies within the
system. Accordingly, the spectrum allows to identify polaritons signatures
which evidences the strong coupling regime. It can be calculated using the
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where nSSa is the average number of photons at the steady state. The cal-
culation is carried out with the help of the Quantum Regression Theorem
(QRT) as is detailed in appendix A. In Fig. 2-2e, the power spectrum
is displayed as a function of the qubit-cavity detuning. In the weak cou-
pling regime (dotted line), the spectrum has just one peak at the cavity
frequency and no signatures of dressed states are present. However, by re-
ducing losses, the Rabi splitting appears to indicate emission signature of
polariton states (solid line), yet not well defined. By reducing the cavity
line width even more, the spectrum shows transitions down in the JC ladder
clearly (dashed line), in particular, this set of parameters allows to resolve
transitions |1,±〉 → |G, 0〉 and |2,±〉 → |1±〉. To populate higher order
polaritons, the system should be excited with a larger pumping energy, PX .
In summary, we have briefly presented the Jaynes-Cummings interaction in
the time and frequency domains, both provide the figure-of-merit for strong-
coupling regime.






〈a†(t+ τ)a(t+ τ)〉 〈a†(t)a(t)〉
(2-10)
This quantity is very important to characterise the so-called photon block-
ade (PB) effect which is the suppression of the absorption probability of
additional photons from an external field when the cavity has already one
photon. The name reminds the Coulomb blockade in electronic systems
and accounts for the realisation of effective photon-photon interactions. PB
can be achieved in two ways [73, 74], the most typical, though experimen-
tally challenging, is by taking advantage of the strong nonlinear spectrum
in a cQED setup [75–78]. As shown in Fig. 2-2a, when the external field
excites resonantly the transition |G, 0〉 → |1,−〉, the absorption of a sec-
ondary photon of the same energy does not match with polariton states in
the second-excitation manifold (|2,±〉), so this absorption is dramatically
reduced and the cavity is restricted to operate with a single photon at a
time. After this photon is emitted, the system is able to capture another
photon. The second and most recent alternative to achieve PB exploits
the destructive interference between different paths leading to two-photon
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states in the quantum system. This last approach is known as the uncon-
ventional PB and has been realised in (i) two quantum emitters (or simply
two atomic transitions in a single quantum emitter) in weak coupling with
the cavity [79, 80] or (ii) two cavities linearly coupled but one of them with
a small Kerr nonlinearity [74, 81–83]. Regarding the second-order corre-
lation function, g(2)(t, 0) in τ = 0 is an indicator of the photon statistics,
i.e., the probability distribution of the light emitted by the system. States
with g(2)(τ = 0) < 1 (g(2)(τ = 0) > 1) are said to be sub-Poissonian
(super-Poissonian) distributed. In particular, sub-Poissonian statiscs is a
figure-of-merit for PB, and is usually accompanied of photon antibunch-
ing. Antibunching, represented by g(2)(t, 0) < g(2)(t, τ), is a violation to
the classical bunching inequality, g(2)(t, 0) ≥ g(2)(t, τ). The latter indicates
that light is emitted as a bunch of photons so they are likely to be de-
tected simultaneously after being split in an interferometry setup (Hanbury
Brown-Twiss interferometer, HBT) [38]. Here τ denotes the delay time of
the detection of a secondary photon after a first photon is detected. On the
contrary, antibunched light exhibits regular photon spacing such that they
are unlikely to be detected at the same time, rather, coincidences are found
for τ > 0. This is crucial, for example, for the generation of on-demand sin-
gle photons for quantum information purposes [84, 85]. Such single photon
sources are highly desired devices to be integrated into quantum network
technologies.
Finally, quantum entanglement is one of the most intriguing phenomena in
the quantum world, it measures the non-separability of quantum states and
has multiple applications in emerging quantum technologies. In particular,
entanglement is the main resource to connect spatially separated systems;
each entity cannot be described independently of the others [86]. By using a
principle called entanglement distillation, the entanglement created between
a quantum emitter and a cavity [87, 88], interacting strongly, can be used
to entangle multiple qubits. Among all quantifiers of entanglement, the
negativity, N , is easily calculated and comes from the Peres–Horodecki,
or also called positive partial transpose (PPT), criterion for separability
[89]. Specifically, it is defined as N (ρ) =
∑
λi<0
|λi|, where λi denotes
the eigenvalues of the partial transpose of the density matrix with respect
to one of the subsystems, cavity or qubit in this case. In the absence of
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dissipation or any other incoherent process, Jaynes-Cummings Hamiltonian
exhibits maximum negativity at resonance with a maximally entangled Bell-
like state: (|G, n〉± |X,n− 1〉)/
√
2. However, the situation is very different
when the environment is considered: the highest entanglement is found in a
point out of resonance where dissipation is low enough to avoid destruction
of the quantum properties, and the interaction is high enough to create
entangled states [90, 91].
2.2. Cavity Optomechanics
In the last decades there was a growing interest to couple light with me-
chanical systems. Reasons are countless, from detection of gravitational
waves to quantum networking, mechanical resonators offer outstanding ap-
plications [92, 93]. To promote the quantum behaviour of such macroscopic
objects, they need to be cooled down to their ground state. At this point,
light appeared to provide control on mechanical motion; a field known as
Optomechanics [94, 95]. When it comes to photons confined in a cavity,
we speak of Cavity Optomechanics (cOM) [96–99]. The most fundamen-
tal setup is the one-dimensional cavity with one moving mirror [100] (Fig.
2-3), where the radiation pressure of photons in the cavity field exerts a
force on the mirror, and thus, moves it away from its equilibrium posi-
tion, therefore, the cavity length changes so that the energy of the cavity
mode changes as well, this in turn changes the radiation pressure force, thus
creating a feedback mechanism between the cavity and the mechanical res-





where both cavity and resonator are described as harmonic oscillators, and
thus, with bosonic operators a and b, respectively, and frequencies ωc and
ωm, respectively. When the cavity mirror is let free to move, the radiation
pressure changes its position, and thus, the cavity frequency is assumed to
be dependent on the displacement of the mirror, x, around its equilibrium
position, x0. For small displacements, the cavity frequency is given by:
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Figure 2-3.: Generic optomechanical setup. Photons inside the cavity hit
the moving mirror. The displacement of the mirror changes
the cavity frequency, which in turn changes the way radia-
tion pressure affects the mechanical resonator (back-action
dynamics).







The cavity frequency shift per displacement is defines asG = − (∂ωc(x)/∂x)x0 .
The minus sign indicates that an increasing of the cavity length (x > 0)
leads to a decreasing of the cavity frequency. Conversely, the cavity fre-
quency increases as the cavity length decreases (x < 0). The interaction
Hamiltonian is then,
Hint = −g0a†a(b+ b†). (2-13)
The displacement of the mirror is related with the phonon operator by
x = xZPF(b + b
†), where xZPF =
√
h̄/2meffωm is the zero-point fluctuation
amplitude of the mechanical resonator, i.e., a measure of the spread of the
displacement in the ground state, xZPF =
√
〈0|x2 |0〉. Since the mechanical
resonator is considered a quantized field, it obeys the position-momentum
uncertainty principle, [x, p] = ih̄. Besides, any phonon mode in a mechanical
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resonator can be assigned an effective mass meff . The quantity g0 = GxZPF
is known as the vacuum or single-photon optomechanical coupling strength.
The optomechanical Hamiltonian can be linearized with the insertion of a
strong coherent field driving the cavity [96]. The total Hamiltonian is:





iωdt). Then, in order to remove
the time dependency, we move to the rotating frame defined by the drive





cordingly, the Hamiltonian yields
H = −∆a†a+ ωmb†b− g0a†a(b+ b†), (2-15)
where ∆ = ωd − ωc is the detuning between the coherent drive and the
cavity field. Since the coherent field has a large amplitude, the cavity field is
approximated as the superposition of two compounds, one average coherent
amplitude 〈a〉 = ᾱ and a fluctuating term δa, which is the one of interest.By
substituting a = ᾱ + δa in the interaction Hamiltonian, we have
Hint = −g0
(





The quadratic term in δa is negligible with respect to the other terms accom-
panied by ᾱ. The quadratic term in ᾱ is an average radiation pressure that
may be omitted by a shift of the displacement’s origin. So, the linearized
optomechanical Hamiltonian is:







where g = g0
√
n̄cav is the optomechanical coupling strength. The condition
g > κ leads to the strong coupling regime in cavity optomechanics, while
g0 > κ is kept for single-photon strong coupling. κ represents the cavity
losses, which can be taken into account in the system dynamics through a
Lindblad operator, κLa(ρ), in the master equation approach, introduced in
the previous chapter. Mechanical dissipation can also be taken into account
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with nth(T )γmLb†(ρ)+(nth(T )+1)γmLb(ρ), where nth(T ) = 1/(eh̄ωm/kBT−1)
is the average phonon number of the environment at temperature T , and
κm is the mechanical damping rate. The product Γm = κmnth is commonly
known as the thermal decoherence rate.
The linearized description has three characteristic regimes depending on
the detuning, ∆, between the coherent drive and the cavity field. The
red-detuned regime, corresponding to the resonant case ∆ ≈ −ωm, i.e.,
ωd = ωc − ωm, allows to convert thermal phonons in the mechanical res-
onator to photons in the cavity, therefore, the mechanical resonator is cool
down towards its ground state [101]. The resonant interaction, Hint =
−g(δab† + δa†b), serves to realise quantum state transfer between photon
and phonon modes [102]. On the other hand, the blue-detuned regime,
∆ ≈ ωm, i.e., ωd = ωc + ωm, keeps only antiresonant terms in the inter-
action, Hint = −g(δa†b† + δab), similar to the ultrastrong coupling regime
in cQED. Due to the non-preserved particle number of such interaction,
this regime leads to amplification of mechanical motion with high quantum
correlations that can be used to entangle the photon and phonon modes.
Finally, when the external field drives the cavity resonantly, ∆ ≈ 0, both
rotating and antirotating terms are present, and the interaction can be used
to implement quantum non-demolition measurement of the mechanical dis-
placement, x ∼ b+ b†, or of the cavity quadrature, δa+ δa†.
Optomechanical interactions have been implemented in a great variety of
systems. On the semiconductor side, strong coupling has been obtained be-
tween mechanical modes of microdisks with their whispering gallery modes
[103, 104] (Fig. 2-4a). Furthermore, the simultaneous confinement of
mechanical and optical modes in semiconductor heterostructures like dis-
tributed Brag reflector (DBR) [105], two-dimensional photonic crystals [106],
and, in general, optomechanical or phoxonic crystals [107, 108] (Fig. 2-4b),
is now a common scenario to achieve strong coupling in optomechanics.
Surface acoustic waves (SAW) have also been used to modulated photonic
crystals cavities [109], and even strongly coupled photonic molecules [110].
The optomechanical strong coupling regime has also been obtained in Fabry-
Pérot cavities with a moving end mirror [111], and in superconducting cir-





Figure 2-4.: Optomechanical systems. (a) Toroidal resonator with whis-
pering gallery modes coupled to its radial breathing mode
[104]. (b) optomechanical crystal with co-localized and
strongly coupled phonon and photon modes [107]. (c) Drum-
head resonator coupled capacitively to a coplanar waveguide
resonator. The upper plate of the capacitor (drum) is sus-
pended above the static plate attached to the circuit [112].
cuits, where drumhead resonators couple capacitively to on-chip coplanar
waveguide resonators [112] (Fig. 2-4c)
On the other hand, optomechanical interactions depending quadratically
on the displacement operator, Hint ∼ (b+ b†)2a†a, have been achieved with
membrane-in-the-middle setups [113], and have been proposed to obtain
photon blockade [114]. Besides, generalised quadratic interactions in the
cavity quadrature, Hint ∼ (b + b†)(a + a†)2, have been studied [115]. This
interaction actually contains the dynamical Casimir effect (DCE) Hamilto-
nian [116] or optomechanical degenerate parametric oscillator [117], Hint ∼
(b + b†)(a2 + a†2), and allows the realisation of DCE with mechanical res-
onators, i.e., the generation of photon from vacuum by actual motion [118].
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Another interesting realisation of optomechanics is the coupling of vibration
modes of a liquid body to an optical cavity [119].
Moving to high frequency mechanical resonators, new facilities emerge.
They are already in the ground state at low temperatures, for instance,
GHz acoustic resonators have a negligible thermal occupation at mK tem-
peratures, nth(T ) ≈ 0. Such high-frequency acoustic resonators have been




† [120, 121]. Though photon-phonon linear interactions
can be obtained by driving coherently the cavity [96, 104, 111], certain
systems, like electromechanical interfaces, have already fundamental linear
interactions, e.g., high-overtone bulk acoustic resonators (HBAR) interact-
ing with coplanar microwave resonators by piezoelectromechanical coupling
[122, 123]. This kind of setups would allow fully-connected qubit-photon-
phonon systems at the microwave regime, besides, HBAR can sustain mul-
tiple modes in a very compact size chip.
Among the multiple applications of optomechanical systems, the most pow-
erful, perhaps, is the transduction between photons of different frequency.
In general, wavelength conversion devices are widely desired to integrate
diverse quantum platforms. Particularly, electro-optomechanical systems
offer highly efficient and low-noise transfer between microwave and opti-
cal signals [10, 124], allowing even generation of microwave-optical-photon
pairs [125]. For instance, piezoelectric mechanical crystals couple linearly
to microwave cavities, ab†+a†b, while couple nonlinearly to optical cavities,
a†a(b + b†). The combined system then provides a setup to achieve indi-
rect coupling between optical and microwave photons [126]. Another good
application of cavity optomechanics is the quantum entanglement between
mechanical oscillators, for example, microwave cavities have been used to
create and stabilise entanglement between drumhead resonators [127] like
the one in Fig. 2-4c. The entanglement has also been measured in separated
photonic crystal nanobeams, where initially entangled photons are used to
create light-matter entanglement and subsequently entangle both mechani-
cal oscillators [128]. Additionally, indirect interactions between mechanical
resonators have also been achieved with phonon ancillary cavities [129] and
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proposed with virtual photons generated with the dynamical Casimir effect
[130].
As in cQED, photon blockade have also been explored in optomechanical
systems. It also requires, in principle, single-photon strong coupling [131,
132]. There have been various proposals to enhance the optomechanical
coupling [99, 133]. Nevertheless, unconventional photon blockade can be
obtained in the weak optomechanical coupling regime [134]. Finally, we
highlight that mechanical resonators are widely preferred for future quan-
tum memory devices [135, 136] because of their high quality factors and
ease integration with the different platforms for quantum technologies. For
a comprehensive review on cavity optomechanics and its applications, we
recommend the article of Aspelmeyer et.al. [96].
2.3. Cavity Quantum Acoustodynamics
Motivated on one hand for the use of inherently nonlinear systems, like two-
level-systems, to transfer nonclassical states to harmonic oscillators like pho-
ton cavities (cQED), and, on the other hand, with the rapid development of
fabrication techniques to couple mechanical oscillators to other systems, es-
pecially, within optomechanics, the interface of quantum emitters with me-
chanical resonators has come to stay, besides it offers unprecedented oppor-
tunities for quantum devices [143]. The field has even denominated Cavity
Quantum Acoustodynamics (cQAD), with special focus on superconducting
circuits, in fact, one of the first groundbreaking experiments was carried out
with microwave mechanical oscillators coupled to superconducting qubit by
Cleland and his team [137]. They were able to create single phonons in
a film bulk acoustic resonator (FBAR) consisting of a strong piezoelectric
material wrapped in metal electrodes that are connected to a Josephson
phase qubit (Fig. 2-5a). Their work paved the road towards the realisa-
tion of strong coupling in such devices. More recently, Schoelkopf’s team
achieved great developments using high-overtone bulk acoustic resonators
(HBAR) [138] (Fig. 2-5b), allowing even the preparation of multi-phonon
Fock states [144]. In addition, a frequency modulation has allowed the qubit
to interface multiple modes of the HBAR by Landau-Zener transitions [35],








Figure 2-5.: cavity QAD systems. Superconducting qubit coupled to (a)
film bulk acoustic resonators [137], (b) high-overtone bulk
acoustic resonators [138], (c) drumhead acoustic modes [139]
and (d) surface acoustic waves [140]. Quantum dot embedded
in (e) a moving nanowire [141] and (f) a heterostucture with
surface acoustic waves [2]. (g) Double quantum dot defined
in a 2D electron gas coupled to surface acoustic waves [142].
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and has served as a switch of the qubit-mechanics interaction, which in time
domain provides a recipe for controllable storage of information [145]. Part
of the research in the current thesis contributed theoretically to the latter
works which are detailed in chapter 5.
Specifically, the interaction between an HBAR and a superconducting qubit
is maintained with a piezoelectric film as is shown in Fig. 2-5b. The
electric field, E(x), coming from the pads that form the capacitance in
the superconducting qubit, generates a stress, σ(x), acting on the strain
field, s(x), of the mechanical modes. The interaction energy between the
qubit and the mechanical modes is given by H = −
∫
σ(x)s(x)dV [138].
After quantizing both the qubit electric field and the phonon mode strain
field, i.e., E(x)(a + a†) and s(x)(b + b†), respectively, and considering the






†σ− + bσ+), (2-18)
where ωm and ωa are the mechanical mode and qubit frequencies, respec-
tively. g is the interaction and can be obtained with the integral above
depending on the geometry of the particular setup. Notice that this is the
same Jaynes-Cummings Hamiltonian used in cQED. Therefore, most of the
physics we study in the first section, works here in cQAD systems as well.
Besides bulk acoustic modes, surface acoustic waves (SAW) confined in
Fabry-Perot acoustic cavities have also been coupled to superconducting
circuits [140, 146] (Fig. 2-5d), reaching even the multimode strong cou-
pling regime [147], where the qubit-mechanics interaction rate is of the
order of the energy spacing between the modes (free spectral range). More-
over, the detection of phonon Fock states in multimode SAW-based res-
onators have been possible [148], other piezoelectric mechanical resonators
[149] and drumhead acoustic resonators like the ones used in optomechanics
[139, 150] (Fig. 2-5c). Leaving superconducting circuits aside, cQAD-like
systems have also been implemented and proposed in other platforms, for
example, quantum dots embedded in nanobeams with flexural modes [141,
151] (Fig. 2-5e), semiconductor heterostructures sustaining SAW [2, 152]
(Fig. 2-5f), DBR-based phonon cavities [153] or coupled to lattice vibra-
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tions [154]. In most of the situations, the motion surrounding the quantum
dot deforms the potential confining the excitons, and thus, modifies the QD
electronic states [151]. Electron-phonon interactions have also been studied
with SAW coupled to charge states in a two-dimensional electron gas, also
denominated double-quantum-dots (DQD) [142] (Fig. 2-5g), and nitrogen-
vacancy (NV) defects in diamond magnetically coupled to cantilever struc-
tures [155–157] and membrane-based mechanical resonators [158]. Donor
transitions in silicon, working as two-level-systems, have been coupled to
DBR phonon cavities [159].
In general, and inspired by the promising applications of the cavity quantum
electrodynamics (cQED), the coupling between quantum emitters, working
as qubits, and acoustic modes, working as data buses, has been proposed for
universal quantum transducers [160], storage of information [143, 161], and
quantum state transfer and remote entanglement [162]. Compared to cQED,
mechanical resonators offers several advantages such as their compact size
to sustain multiple modes, high-quality factors and the ability to be coupled
simultaneously with photons of very different frequencies.

3. Interactions between a qubit
and a bosonic field mediated
by an ancillary bosonic mode
In this chapter we study a tripartite system consisting of a TLS or qubit,
a cavity and a mechanical resonator. Particularly, we investigate how the
phonon mode is able to provide an interaction between photons in the cavity
and the qubit [23]. Accordingly, one benefit of this setup is the possibility to
access the light-matter strong coupling regime. Similarly, the photon mode
can play the role of mediator between the qubit and the mechanical res-
onator. In order to quantify such indirect interactions, we first diagnonalise
the Hamiltonian numerically to study the eigenstates structure and support
the results with an analytical treatment of the Hamiltonian in the dispersive
regime. Then, losses and pumping are included to check the robustness of
the effective interaction by tracing out the ancillary mode from the steady
state of the system. The results are analysed in terms of the power spec-
trum, entanglement and second-order correlation function. Some outcomes
of the study in this chapter were published as an article in [22].
3.1. The Hamiltonian
A sketch of the system is shown in figure 3-1. The interaction between
the photon cavity and the mechanical resonator is considered linear which
is valid for several resonant systems [122, 123], and even, in truly optome-
chanical systems, that type of interaction is well described by the the linear
regime arising from the presence of a strong coherent field driving the cavity
[96, 104]. As for the qubit, the interaction with the mechanical resonator is
assumed to be linear as well, which is the actual situation in systems like
transmon qubits coupled to piezoelectric mechanical resonators [137, 138].
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Figure 3-1.: Sketh of the studied tripartite system. (Left) The mechanical
resonator mediates the interaction between the cavity and the
TLS. (Right) The cavity plays the role of the mediator.
Because of the non-linear nature of the TLS, this interaction is actually a
Jaynes-Cummings interaction with phonons instead of photons, which is a
whole subject of study within the cavity quantum acoustodynamics. Other
works have studied the possibility to induce such phonon Jaynes-Cummings
regime with indirect mechanisms too [27]. Finally, the interaction between
the cavity and the TLS is modelled with a Jaynes-Cummings Hamiltonian.















where a (a†) and b (b†) are the photon and phonon annihilation (creation)
operators, respectively, whereas σ (σ†) is the atomic ladder operator. gam,
gcm and gac are the photon-phonon, atom-phonon and atom-photon coupling








with ωc, ωa and ωm the frequencies of the cavity, TLS and mechanical res-
onator, respectively.
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Figure 3-2.: States ladder of the Hamiltonian. Red lines represent the
interaction between the cavity and the mechanical resonator,
whereas black dashed lines depict the interaction between the
qubit and the mechanical resonator. The ket state is organised
as |qubit, photon, phonon〉.
For simplicity, we focus on the mechanical resonator as a mediator (gac = 0),
however, most of the conclusions obtained in the following analysis hold for
the situation where the cavity acts as a mediator (gam = 0). The third situ-
ation where the qubit mediates the interaction between both bosonic fields
(gcm = 0) is excluded from this study because a linear interaction between
harmonic oscillators does not seem very interesting.
The states ladder for the situation with the mechanical resonator as ancillary
mode is shown in Fig.3-2. The system is separable by excitation manifolds
given by the eigenstates of the particle number operator, N = a†a+b†b+σz,
which means that the interactions preserve number of particles ([N,H] = 0)
and the eigenstates/energies are obtained by diagonalising each excitation
manifold block. As it is, the system is not able to transit between these
manifolds and some external perturbations such as driving and dissipation
30
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Figure 3-3.: Numerical diagonalisation of the Hamiltonian for the third
excitation manifold as an example. E
(n,m)
0 = nωc + `ωm.
Parameters: gam = gcm, ∆ = ωa − ωc, ωc = 103gcm and
ωc − ωm = 30gcm.
will make the system go through the states ladder and subsequently decay
for external reading of the state of the system. This situation will be anal-
ysed in the following section. The notation used here for the bare states is
|qubit, photon, phonon〉, so, a β−excitation manifold is defined for all states
|α, n, `〉 with α+n+` = β. The qubit being a TLS takes two possible states,
|G〉 and |X〉.
3.2. Large detuning approximation
At full resonance, ωc ≈ ωa ≈ ωm, the eigenstates have contributions for
all states in a given excitation manifold, i.e.,
∣∣ψ(β)〉 = ∑α,n,l C(β)α,n,l |α, n, l〉.
However, when the mechanical resonator is detuned, an effective interaction
between the qubit and the cavity arises as illustrated in Fig. 3-3. In such
a regime, the eigenstates can be written as a polariton part and a phonon
number state part: |ψn±,`〉 ≈ |n,±〉 ⊗ |`〉. From here on, this interesting
state will be named phonon-induced polariton (PIP).
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We can also see that there is an energy shift proportional to the number
of phonons in the eigenstate, which is due to the AC Stark effect on the
qubit by the presence of the phonon field. An analytical explanation of
this mediated interaction and the Stark shift is obtained with the help of
the approximation of the Hamiltonian for a large detuning. Following an
analogous derivation from [38], a phonon-dispersive Hamiltonian is obtained
for a large cavity-phonon energy detuning regime. Starting from the linear
Hamiltonian 3-1 with gac = 0, we transform the Schrödinger equation to




|ΨIP (t)〉 = HIP |ΨIP (t)〉 , (3-3)











where ∆c = ωc−ωm and ∆a = ωa−ωm are the cavity-phonon and emitter-
phonon energy detuning, respectively. The formal solution of equation (3-3)
is:
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|ΨIP (0)〉 . (3-5)
In the last part of this equation was made a perturvative expansion and
















Solving these integrals for HIP in equation (3-4), we have:
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∣∣σ†b〉 ≈ √〈nσnb|nσnb〉 are not too large, and if gcm/∆c  1 (and
gam/∆a  1), which is valid for large detuning.
Now neglecting all the terms quadratics in
gam/cm
∆a/c











































































































Summarising, the above Hamiltonian is valid for:
3.3 Indirect strong coupling 33
• ∆ = ωa − ωc << {gcm, gam}
• ∆c = ωc − ωm >> gcm
• ∆a = ωa − ωm >> gam
Now it is straightforward to identify an effective interaction between the cav-




The expected photon-qubit splitting occurs when the phonon-shifted cavity








(1 + 2`) . (3-12)




`, which coincides with
the numerical results in Fig. 3-3.
3.3. Indirect strong coupling
Once we have proposed and demonstrated indirect interactions between the
cavity and the qubit mediated by the mechanical resonator, it is relevant to
study the robustness of the effect to incoherent processes such as dissipation
and non-coherent driving. To do this, we quantify the interactions in time-
and frequency- domains by calculating Rabi oscillations of the qubit-cavity
occupations and the cavity power spectrum, respectively. To describe such
an open quantum system, we use the density matrix formalism where the







[ρ,H] + κLa(ρ) + PxLσ+(ρ). (3-13)





incoherent process through the system operator C. To show the robustness
of the proposed strong coupling, here we consider only dissipation through
the cavity with a decay rate κ and incoherent drive to the qubit with an
energy PX . Similar results can be obtained by making the qubit lossy and
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driving the cavity. As for the mechanical resonator, the phonon decay rate
is typically low due to the high quality factor of mechanical devices. The
photoluminescence or cavity power spectrum is obtained using the quan-
tum regression theorem and the Laplace transform method to integrate the
first-order correlation function in the frequency domain (see appendix A).
We highlight that this study is conducted in a low-excitation regime, where
single-particle effects can be observed. Particularly, throughout the chap-
ter, we fix the driving power one order of magnitude smaller than the cavity
decay rate: PX = 0.1κ.
For the following analysis, we set the initial condition only in the qubit
(ρX00,X00(0) = 1) and focus on two regimes, κ > geff and κ < geff . In
the first case, we see in Fig. 3-4a that the incoherent processes dominate
over the Hamiltonian interactions. In this situation the system is unable
to perform at least one Rabi oscillation because the decay time is shorter
than the Rabi effective period, Teff = π/geff , and the system falls down
to the ground state, ρG00,G00, as shown in Fig. 3-4c. In the transient, the
excitation in the qubit is shared partially to one photon in the cavity trying
to create a polariton |1±〉, however, that excitation rapidly leaks out of the
cavity due to the large decay rate. As a result, the cavity power spectrum
(Fig. 3-4e) shows two large and broad peaks associated with transitions
|1±, 0〉 → |G, 0, 0〉. Transitions with higher phonon states are also present:
|1±, 1〉 → |G, 0, 1〉 and |1±, 2〉 → |G, 0, 2〉.
In order to see more of the non-linearity intrinsic to the Jaynes-Cummings
interaction, the different components of the system should be engineered
less lossy, i.e., κ < geff . In this case, the effective decay rate is reduced
enough to allow the system to perform several coherent oscillations as seen
in Fig. 3-4b. For our particular proposal, such situation demands the ex-




. This regime is commonly know
as the strong-coupling regime, for which the system displays truly vacuum
Rabi oscillations and interactions at the single-photon level can be seen.
This is shown in Fig. 3-4d where coherent oscillations between |G, 1, 0〉
and |X, 0, 0〉, and between |G, 2, 0〉 and |X, 1, 0〉, are clearly present. Ac-
cordingly, signatures of polaritons |1±, 0〉 and |2±, 0〉 in the system should
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Figure 3-4.: Light-matter strong-coupling. Left and right panels corre-
spond to κ = 2geff and κ = 0.1geff , respectively. Specifi-
cally, (a) and (b) show the dynamics of the cavity occupation,〈
a†a
〉
(t), as a function of the qubit-cavity detuning. Then, by
setting resonance (ωc = ωa), (c) and (d) show the evolution
of the diagonal elements of the density matrix and, (e) and
(f), the cavity power spectrum. Parameters: gcm = gam = 1,
ωc = 10
3gcm, ωc − ωm = 30gcm, PX = 0.1κ and the qubit
excited as initial condition: ρX00,X00(0) = 1.
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appear in the cavity power spectrum (Fig. 3-4f). The latter shows the
non-linearity of the J.C. interaction since now transitions distributed non-
uniformly are clearly resolved. In particular, we see transitions decaying
from |1±, 0〉 to |G, 0, 0〉 and from |2±, 0〉 to |1±, 0〉, as indicated in the
figure. We found also transitions corresponding to polaritons carrying one-
phonon state: |1±, 1〉 to |G, 0, 1〉, and two-photon sates: |1±, 2〉 to |G, 0, 2〉.
These transitions have a blue-shift by an amount of geff due to the dy-
namic Stark effect provided by the ancillary phonon mode. Even though
the phonon states are not shown in Figure 3-4, since it is out of resonance
with the qubit and cavity, and is only able to mediate such an interaction,
it keeps mainly in the ground state and oscillates faster (ωm) than the other
parts of the system that oscillate with the effective vacuum Rabi frequency,
geff .
Finally, in Figure 3-5, we display the spectrum as a function of the qubit-
cavity detuning. We can now observe a clearer map of all the anticrossings
and optical transitions involved in the system. Particularly, we see how
anticrossings with higher number phonons move to the left in detuning
as established in the previous section. It is also noted that the energy
splitting between the transitions |1+, `〉 → |G, 0, `〉 and |1−, `〉 → |G, 0, `〉,
corresponds to, the analytically predicted, effective interaction rate geff =
gcmgam/(ωc − ωm). Furthermore, such a strong-coupling regime allows to
resolve second-order polariton transitions: |2+, 0〉 → |1±, 0〉.
3.4. Entanglement and single-photon emission
Now that we have explored a regime of parameters for which strong coupling
can be reached, it is time to check some truly quantum properties such as
entanglement and antibunching in this polariton-like system. Let us focus
first in the bipartite entanglement between the cavity and the qubit. To do
this, we compute the density matrix in the steady state, and then, we trace
over the mechanical degree of freedom to obtain a reduced density matrix,
i.e, ρred = Tr{ρ}phonon =
∑
` 〈`| ρ |`〉. After this, we compute the negativ-
ity which is a quantifier of entanglement and is given by N = 2
∑
λ<0 |λ|
[],where λ denotes all the eigenvalues of the partial transpose of the density
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Figure 3-5.: Cavity power spectrum as a function of the detuning for κ =
0.1gcm. The other parameters are equal to those in Fig. 3-4.
matrix respect to one of the subsystems, in this case either the qubit or the
cavity. We support the analysis with (i) the linear entropy SL = 1−Tr{ρ}2
that measures the purity of the system, i.e., the degree of mixing in the
density matrix, and (ii), the tomography of the reduced system as a graph-
ical representation of the density matrix. In Fig. 3-6, as already found in
previous works [90], for a dissipative Jaynes-Cummings system, the high-
est entanglement is obtained out of resonance in contrast with the closed
system where the resonance is the best condition (also shown in Fig. 3-
6). To better understand this, we plot the density matrix at the steady
state in some key points indicated in Fig. 3-6a. At resonance (3-6b), be-
cause losses are larger than pumping, most of the population goes down
to the ground state, |G, 0〉, with negligible coherences (non-diagonal ele-
ments). When the linear entropy becomes maximum (3-6c); ∆/gcm ≈ 0.1,
a highly mixed state is obtained with a quite large entanglement. How-
ever, for a detuning of ∆/gcm ≈ 0.2, the entanglement becomes maximum
since the ground state population has been minimised and relatively large
coherences are still present at the steady state, i.e., a good approximation
to the Bell state, 1√
2
(|G, 1〉 ± |X, 0〉), is achieved. As pointed out in [51]
(Equation 11.12), the competition of detuning and losses-pumping, provides
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an effective nonzero splitting. Lastly, for a large detuning, ∆/gcm = 1, in
both Hamiltonian and open system cases, entanglement and linear entropy
decrease because the interaction effect is reduced and the combination of
















Figure 3-6.: Steady-state entanglement. (a) The red solid line displays
the negativity as a function of the qubit-cavity detuning for
κ = 0.1gcm. Blue dashed line corresponds to the negativity
without driving and dissipation. Black dashed line is the lin-
ear entropy. Plots (b)-(e) show the reduced density matrix
for the points marked in (a). Other parameters are equal to
those in Fig. 3-4.
Regarding the transient of the entanglement formation, in Fig. 3-7 we
see how the negativity initially describes a non-entangled state because
the system was initialised as ρX00,X00(0) = 1, but after a quarter of the
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Rabi period, Teff/4 = π/4geff , it develops into a maximally entangled
state 1√
2
(|G, 1〉 ± |X, 0〉). Thereafter, the entanglement exhibits decaying
oscillations with the Rabi frequency geff until reaching the non-zero steady
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Figure 3-7.: Entanglement dynamics. Negativity as a function of the time
and the qubit-cavity detuning. Same parameters as in Fig.
3-6. Initial condition: ρX00,X00(0) = 1. Dashed lines mark
the maximum entanglement, at resonance (vertical) and t =
Teff/4 (horizontal).
Finally, by using once again the QRT (see appendix B), we calculate the
second-order correlation function with the aim to explore the photon statis-
tics of the light emitted by the system. First of all, we search for a set of
parameters where the g(2)(0) be as small as possible. Particularly, in Fig.
3-8a, the qubit-cavity detuning and the cavity decay are varied, result-
ing in the second-order correlation decreasing as the cavity losses increase,
in spite of a reduction of the mean number of photons (not shown here).
In fact, the best performance of an efficient single photon source (SPS) is
having a strong sub-Poissonian statistics, i.e, a vanishing g(2)(0), with a
relatively large cavity occupation. As introduced in the previous chapter,
the second ingredient for a SPS is to satisfy the antibunching condition,
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g(2)(τ) < g(2)(0). In Fig. 3-8b, we can observe that a deep in the second-
order correlation function (antibunching) is achieved for a large dissipation,
κ > geff , with on average of 10
−2 photons (see caption in figure). Reducing
the cavity losses leads the system towards a coherent or Poissonian emission,
g(2)(0)→ 1, with a larger cavity occupation. Although it is not shown here,
increasing the ratio Px/κ leads the system to a super-Poissonian statistics
and bunching of photons because higher excitation manifolds are populated
incoherently. In case of a coherent drive, the emission develops easily into
Poissonian light.
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Figure 3-8.: Single-photon emission. (a) g(2)(0) as a function of the
detuning and cavity losses. (b) g(2)(τ) for ∆ = 0 and





= {0.026, 0.055, 0.081, 0.087, 0.089} and 〈σ+σ−〉 =
{0.741, 0.447, 0.187, 0.131, 0.111}. The others parameters are
the same used throughout the study.
3.5. Conclusions of the chapter
In this chapter we have studied the possibility to reach the regime of strong-
coupling between a qubit and a cavity, which in principle do not interact
directly, but phonons in a mechanical resonator are able to interface both
entities in a cQED way. We first found that this phenomenon is achievable
for a large detuning between the cavity and the mechanical resonator, and
the qubit being resonant with the cavity. Then, we found that under low
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dissipation, κ < geff , the system is able to exhibit Vacuum Rabi oscilla-
tions where coherent exchange between states |G, n, 0〉 and |X,n− 1, 0〉 is
visible, and therefore, the spectrum is able to resolve the non-linearity of
the effective interaction given by transitions |2±, 0〉 → |1±, 0〉. Besides, our
phonon-mediated mechanism allows to distinguish the phonon mode state
because the dynamic Stark effect provided by the non-resonant mechanical
oscillator shifts the energies of the polaritons |n±, `〉 by an amount `geff .
This means that single-phonon states might be accessible and measurable
in this approach.
We also determined how the entanglement between the qubit and the cavity
evolves periodically according with their Rabi oscillations. After reaching
the steady state, a non-null entangled and mixed state is obtained out of
resonance where dissipation competes with the detuning to allow a consid-
erable dressing of the cavity and qubit states. Regarding the nature of the
emission, it was obtained, for a large dissipation (κ > geff ), a fine sub-
Poissonian statistics accompanied with antibunching. Such characteristics
are desirable to use the system as a source of single photons.
Implementation of this setup is not far from current experiments. For in-
stance, in superconducting circuits, high cavity-mechanics and qubit-mechanics
coupling strengths are now realisable. On the practical side, applications
are countless, starting with the opportunity to address few phonons in me-
chanical resonators, generate qubit-cavity entanglement using phonons, and
even more, produce single photons on-demand for quantum information pro-
cessing. This kind of platforms have also been proposed as transducers for
long-distance quantum communications [23].
Finally, similar results are obtained exchanging the cavity and the mechani-
cal resonator (Fig. 3-1), and letting the photons to mediate the interactions
between the phonon mode and the qubit. This might be even more interest-
ing since, in several platforms, achieving high coherent interactions between
phonons and quantum emitters is challenging.

4. Quantum correlations between
two cQED systems coupled by
an ancillary bosonic mode
Inspired by the results of the previous chapter, in this chapter we go fur-
ther and study how a mechanical resonator can mediate the interaction
between two cQED systems. Conversely, one can propose the cavity as
a mediator entity between two cQAD systems, and the results will not
change much because both photons and phonons are described by bosonic
fields. Nevertheless, throughout the chapter, we will concentrate on the
first situation, where the mechanical resonator serves as a low-dissipative
bus between light-matter nodes which are widely one of the building blocks
preferred in quantum networking [66, 67]. Therefore, a straightforward ap-
plication would be quantum state transfer and entanglement between both
subsystems. In this chapter, we approach this problem without considering
incoherent processes, i.e., the analysis will be carried out purely with the
Hamiltonian. Firstly, we calculate the eigenenergies and eigenstates numer-
ically in order to see how the different components couple each other, in fact,
this can be understood in terms of normal modes of the whole system. Sec-
ondly, we derive an analytical approximation of the Hamiltonian for the case
of a mediator being very out of resonance with the remaining parts. Finally,
bipartite entanglement is calculated among all possible pair combinations
of the parts composing the system. In the second arrangement mentioned
above, using cavities to mediate interactions between qubit-mechanical res-
onator nodes paves the way to implement cQAD-based quantum networks.
Some outcomes of the study in this chapter were published as an article in
[34].
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Figure 4-1.: Illustration of two possible situations to link both cQED sys-
tem. In (a) the mechanical resonator interacts with the qubits,
and in (b), it interacts with the cavities. In this chapter we
center the discussion in the first situation.
4.1. The Hamiltonian
In figure 4-1, we show two possible schemes to link both cQED systems, one
is the mediating mechanical resonator interacting with both qubits, and the
other is coupling both cavities. Even though these situations might exhibit
very different physics because of the nature of the qubits in comparison with
the bosonic fields, we will focus on the first situation. The interaction in























where ωc1 and ωc2 are the cavity frequencies, ωa1 and ωa2 correspond to the
qubit frequencies, and g1 and g2 denote the light-matter coupling strength
in each subsystem.
The interaction between the mechanical resonator and the qubits is assumed
linear as well:















where ωm is the mechanical frequency, whereas gm1 and gm2 denote the
qubit-mechanics coupling rates. The total Hamiltonian is then:
H = H1 +H2 +Hm (4-4)
As it is, the Hamiltonian preserves the number of particles, i.e., [H,N ] = 0,







†b. Therefore, it can be diagonalised
separately for each excitation manifold, which is composed of all eigenstates
|α, n, β,m, `〉 satisfying α+n+ β+m+ ` = constant. The notation for the
ket states will be |Qubit 1,Cavity 1,Qubit 2,Cavity 2, phonon〉.
4.2. Inter-cavity normal modes
In a very low excitation regime, a system operates with few particles. In
particular, for the following analysis we will focus just in the first excitation
manifold. In Fig. 4-2, are shown the eigenvalues and eigenvectors of the
Hamiltonian for this first excitation manifold as a function of the cavity-
cavity detuning, ∆. Accordingly, the cavity frequencies are defined as ωc1 =
ω0 −∆/2 and ωc1 = ω0 + ∆/2. The qubits are detuned each other, ωa1 =
ω0 + 10 and ωa2 = ω0 − 10, in order to see clearly all possible anticrossings.
Additionally, the mechanical resonator frequency is fixed out of resonance
with the other parts of the system with the aim to make it work as a
dispersive mediator, ωm − ω0 = ∆m = 50. For simplicity, we will assume
symmetry in the coupling rates, g1 = g2 = g and gm1 = gm2 = gm.
As colour lines in Fig. 4-2a, we see the obvious light-matter interaction
in each subsystem (|X,0, G, 0, 0〉 ↔ |G,1, G, 0, 0〉 and |G, 0,X,0, 0〉 ↔
|G, 0,G,1, 0〉) with an splitting 2g; let us call this a local interaction.
More interestingly, as marked with circles, two kind of new anticrossings
are revealed, (i) one corresponding to non-local light-matter interactions,
|X, 0, G,0, 0〉 ↔ |G, 0, G,1, 0〉 and |G,0,X, 0, 0〉 ↔ |G,1,G, 0, 0〉, and (ii)
one effective interaction between photons from different cavities, let us call
this an inter-cavity photon interaction, |G,1, G,0, 0〉 ↔ |G,0, G,1, 0〉. In
each case, we corroborate these states dressing, or normal modes, by look-
ing at the structure of the corresponding eigenvectors. In fact, as marked
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Figure 4-2.: Dressed states. (a) Eigenenergies and (b) Eigenstates of
the Hamiltonian as a function of the cavity-cavity detun-
ing. There is a fifth eigenvector, |λ5〉 ≈ |G, 0, 0, 0, 1〉 with
eigenenergy close to ωm (not shown here). Parameters: ωc1 =
ω0 −∆/2, ωc2 = ω0 + ∆/2, ωa1 = 1010, ωa2 = 990, ωm = 950,
ω0 = 1000, gm1 = gm2 = 20 and g1 = g2 = 2. The circles mark
the interesting anticrossings. Gray dashed lines in (a) are the
eigenenergies for gm1 = gm2 = 0.
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with circles in Fig. 4-2b, at the points with maximal hybridisation (mini-




(|X, 0, G, 0, 0〉± |G, 0, G, 1, 0〉) and
∣∣∣ψ(2)non-local〉 ≈ 1√2(|G, 0, X, 0, 0〉±
|G, 1, G, 0, 0〉), and (ii) |ψphot-phot〉 ≈ 1√2(|G, 1, G, 0, 0〉± |G, 0, G, 1, 0〉).
There is a still important interaction not seen as a splitting in Fig. 4-2a,
this is the interaction between both qubits mediated by the mechanical
resonator, |X, 0,G, 0, 0〉 ↔ |G, 0,X, 0, 0〉, and has a magnitude given by
g2m/(ωm − ωa). Since the mechanical resonator is detuned from the qubits,
it is responsible for increasing the qubit frequencies as observed in in Fig.
4-2a by comparing the full interacting system (colour lines) with the situa-
tion where there is no mechanical interaction, i.e., both cQED subsystems
do not interact each other (grey dashed lines). Rigorously speaking, this
blue-shift to the qubit energies is caused by the AC stark effect due to their
interaction with the mechanical resonator.
With the purpose of quantifying the coupling rates of each of the anticross-
ings in Fig 4-2, and following a similar analytical treatment to the one
made in the previous chapter, we derive an effective Hamiltonian valid for
a large detuning between the mechanical resonator and the other parts of
the system. Firstly, the Hamiltonian is rewritten in a non-interacting part








































































We then carry out a formal integration of the Schrödinger equation:







|ΨIP (0)〉 , (4-8)
in which we use the fact that the mechanical resonator is very out of res-


















′)dt′ ≈ 1̂− iHeff t. (4-9)
(4-10)
This expansion can also be seen as a perturbation theory with terms of
increasing powers of Interactions
Detunings
. Only the first four terms of the series are





























HIP (t2)dt2 −→ −iH(2)eff t
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This order accounts for both (i) AC Stark shifts of magnitude g2m/∆m and

















HIP (t3)dt3 −→ −iH(3)eff t


























with ∆ija = ωai − ωaj. Now is easy to check an interaction between a
qubit from one of the subsystems with the cavity in the other subsystem,









i , which is much
smaller than the second-order interaction strength as observed in Fig. 4-
2a, and depends on how much the secondary qubit is in its ground state,
σiσ
†
















Assuming ωc1 ≈ ωc2,
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2σ2, is even smaller than the previous inter-
action orders, and shows clearly a photon-photon interaction, a1a
†
2 + h.c..
Although small, under the parameter conditions set above, and a small
dissipation, this setup would allow to entangle pair of photons in different
nodes. The following table summarises these results.
Table 4-1.: Anticrossings in several orders of the effective Hamiltonian.






1st g1, g2 (no phonon)
1√
2



















(|11, 02〉 ± |01, 12〉)
4.3. Bipartite entanglement
A first approach to see the benefit of the setup proposed, is to study the
Hamiltonian entanglement, i.e., the entanglement without considering in-
coherent processes. Actually, we will determine the entanglement arising
from Hamiltonian 4-4 but choosing only two components of the system
and tracing out the remaining components. Such a bipartite entanglement
can be calculated using the negativity whose expression we already em-
ployed before, but now using the reduced density matrix ρB = TrA{ρAB},
where B = {αi, αj} denotes the two degrees of freedom between which the
entanglement is calculated, and A denotes the other degrees of freedom.
AB = {α1, α2, · · · , α5} denotes all the parts composing the system. The
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Figure 4-3.: Bipartite entanglement. Negativity between both cavities
(black line), between a qubit and a cavity from the same node
(red and green lines), and between a qubit and a cavity from
different nodes (gray and blue lines). Same parameters to
those in Fig. 4-2.
total density matrix ρAB = |λi〉 〈λi|, in this case a pure state, is built with
the eigenvectors found by numerical diagonalisation of the Hamiltonian. De-
pending on the anticrossing to which we want to quantify its entanglement,
we choose a specific eigenvector, for example, to calculate an entanglement
between qubit 1 and cavity 2, we might use |λ1〉 or |λ2〉 because they exhibit
that interaction (see Fig. 4-2).
Fig 4-3 displays all of the possible bipartite entanglement between qubit and
photons. As expected, the entanglement between a qubit and a cavity from
different nodes or subsystems (gray and blue lines), is highest in the regions
with maximum dressing of these states,
∣∣∣ψ(1,2)non-local〉 at ωc1 ≈ ωa2 + g2m∆m , and,




. The fascinating fact is that such entanglement is as large
as that entanglement between a qubit and cavity in the same node. This
is an evidence that quantum correlations between different nodes can be
enhanced to the same level of local interactions, but in a narrower window
in detuning, which makes this entanglement more susceptible to dissipation
in an experimental scenario. For the anticrossing with states |ψphot-phot〉
at ωc1 ≈ ωc2, the entanglement between pairs of photons from different
nodes is even higher than local entanglement (black line). Nevertheless,
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the width of the negativity is even smaller than the others, because the
effective coupling strength, g
(4)
eff , is minor. The more robust entanglement
(wider negativity) is certainly the local entanglement between a cavity and






Figure 4-4.: Photon-photon entanglement. Area under the curve of entan-
glement, A =
∫
N (∆)d∆, as a function of the ratio g/gm and
∆m = ω0 − ωm. Parameters: g1 = g2 = g, gm1 = gm2 = gm,
ω0 = 1000, ωa1 = 1010, ωa2 = 990, ωc1 = ω0 − ∆/2,
ωc2 = ω0 + ∆/2.
Finally, in Fig. 4-4, we show how robust is the entanglement between
photons from both nodes. As we pointed out before, the ideal condition
is having a high and broad entanglement as a function of the cavity-cavity




We plot this quantity in Fig. 4-4 as a function of the ratio g/gm and the
detuning ∆m = ω0−ωm. This allows us to explore the regime of parameters
for which the photon-photon entanglement is still large. Specifically, we can
see a maximum at resonance with g/gm ≈ 1/30. As we move away from this
region, the entanglement decreases and there are some branches in which
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it decays slowly, for example, by increasing simultaneously ∆m and g/gm.
Anyway, the best condition to entangle photons of both cavities is with
a mechanical interaction greater than the local light-matter interaction,
gm > g.
4.4. Conclusions of the chapter
In this chapter we have studied two cQED nodes connected by a mechan-
ical resonator. Among all the possibilities, we chose the phonon mode to
interact with both qubits in a Jaynes-Cummings way, and carry out the
analysis purely with the Hamiltonian, i.e., without considering losses or ex-
ternal excitation. We first determined the dressed states, or normal modes,
and observed several interesting anticrossings in the eigenergies, describing
effective bipartite interactions among all parts of the system. In particu-
lar, we observe (i) a non-local light-matter interaction and (ii) an effective
coupling between photons from both nodes. We support these results with
an effective Hamiltonian valid for a large detuning between the mechanical
resonator and the other components of the system. This analytical treat-
ment provide us with expressions for the effective interaction rate of each
anticrossing.
Additionally, we computed the bipartite entanglement among the differ-
ent parts of the system. We found that the entanglement between non-
interacting parts per se, can be as large as this of the parts interacting
directly. However, to study the robustness of this entanglement, in terms
of the system parameters, we pay attention to both the height and width
of the inter-cavity or photon-photon entanglement (N (∆)). The better en-
tanglement conditions are found close to photon-phonon resonance and for
0.01 < g/gm < 0.1. Such a particular relation between coupling strengths is
not far from current and near-future experiments, where mechanical interac-
tions are being enhanced more and more in several platforms, for example,
in bulk acoustic-wave resonators coupled to superconducting qubits [144].
These results indicate that mechanical resonators can be good candidates
to serve as mediators in cQED-based quantum networks. Among the ben-
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efits that they offer, mechanical resonators have very low losses, which is a
very desired attribute of channels in quantum networking [67, 163]. Con-
versely, by exchanging the cavity and the mechanical resonator in the pre-
vious study, one can envision quantum networks based on qubit-mechanics
(cQAD) nodes linked with photonic channels [9]. The work carried out here
has numerous aspects to study further, for instance, taking into account dis-
sipation and driving would evaluate accurately the performance of the setup
as a building block of a quantum network. Moreover, it would be interesting
to analyse and compare situations where the mechanical resonator couple
both qubits or both cavities, or even more sophisticated configurations.
5. Multimode mechanical
resonator coupled to a
superconducting qubit under
frequency modulation
So far we have studied systems involving qubits, cavities and mechanical res-
onators. In most of the cases, the mediating entity was out of resonance with
the remaining parts in order to simulate interactions between the resonant
components. In this chapter, we consider two physical systems; a qubit and
a multimode mechanical resonator. Particularly, we study how the qubit
can address all these modes, and even mediate interactions between them.
To do this, the qubit frequency is dynamically modulated, and thus, mul-
tiphoton transitions allow the qubit to undergo the so-called Landau-Zener
tunnelling. This effectively interfaces the qubit with all the modes simulta-
neously, and can be understood in terms of qubit sidebands interacting with
mechanical sidebands. By considering dissipation and external driving, this
setup is studied first in the steady state, and then, in the time domain. In
the latter case, we investigate how the system can be used as a quantum
memory and evaluate its performance. Although the results are relevant
for many different platforms, we centre the discussion on superconducting
qubits coupled to High-overtone Bulk Acoustic Resonators (HBAR), and
compare the theoretical results with actual experiments carried out in the
Quantum Nanomechanics group at Aalto University (Finland). The exper-
imental measurements were supported with the theoretical and numerical
calculations presented in this chapter [35, 145].
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5.1. The Hamiltonian and Experimental aspects
The system considered is a superconducting transmon qubit coupled to a
HBAR. The mechanical resonator sustain multiple modes with an energy
spacing or free spectral range, ωFSR. An illustration of the experimental
setup, taken from [35], is shown in Fig. 5-1a. The qubit is built on top of
the HBAR, which consists of a piezoelectric thin layer grown on a silicon
substrate. The electric field between the transmon capacitance pads, with
a pentagon shape shown in Fig. 5-1b, is converted to a mechanical signal
by the piezoelectric layer, and subsequently, it excites the modes in the low-
loss silicon substrate where the mechanical modes will actually live. Such
coherence interaction can be enhanced to achieve strong coupling between
the qubit and the mechanical modes, however, in the experiment that we
used as reference, the coupling rate is of the order of the qubit losses. Me-
chanical dissipation is neglected because of the high quality factor and the
low temperature, n(T ) ≈ 0.
Figure 5-1.: (a)Schematic figure of the experimental setup. The transmon
is located on top of the mechanical structure. (b) Photograph
of the top view transmon qubit. (c) Circuit diagram of the
physical system studied. The figures were taken from [35],
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To interact externally with the system, two independent microwave signals
are introduced through a flux bias line. Such coherent fields modulate the
qubit both longitudinally (σz−drive) and transversely (σx−drive), by mod-
ifying the effective Josephson energy of the qubit. A brief description of
the operation of the transmon as an anharmonic oscillator is given in [150].
For the purpose of this work, only the first two levels of the transmon are
considered (TLS). The state of the qubit is measured with a non-resonant
waveguide resonator coupled to the qubit. Accordingly with the Jaynes-
Cummings Hamiltonian in the dispersive regime the microwave resonator










where ωc and ω0 denote the cavity and qubit frequencies, respectively, and
g is the circuit QED coupling strength. For this reason, the cavity will
not be considered explicitly in the mathematical model, and serves only
to read out the state of the system. Technical details of the experimental
setup are given in [35], nevertheless, it can be described in terms of the
circuit diagram shown in Fig. 5-1c, whose quantization ends in a quantum
Hamiltonian describing the TLS, the bosonic fields and their interaction. In
reference [150], there are comprehensive discussions of the coupling between
superconducting qubits and mechanical resonators, for now, we consider




















where |ω(i)m − ω(i−1)m | = ωFSR, and g(i)m is the coupling strength between the
qubit and the ith-mode, with values around few MHz. We focus on modes
resonant with the GHz-frequency qubit, so the Rotating Wave Approxi-
mation is valid and no antirotating terms, biσ− + b
†
iσ+, are present. The
linewidth of the qubit, Γ, is also around of few MHz, and is taken into
account in the master equation with a Lindblad term, Γ
2
Lσ− . Besides, a
coherent driving to the qubit is considered as,
Hx(t) = Ω cos (ωextt)σx, (5-3)
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where Ω is the excitation amplitude and ωext is the excitation frequency. The
total driven MJC Hamiltonian is then HDJCH = HMJC + Hx(t). The time






























Figure 5-2.: (a) Spectroscopy as a function of the flux bias. (b) Numer-
ical simulation of the qubit population using the Multimode
Jaynes-Cummings Hamiltonian. As the flux bias changes,
the qubit moves through multiple modes, therefore, exhibit-
ing vacuum Rabi splitting with each mode. Simulation pa-
rameters: gm = 5.5 MHz, ωSFR = 17.4 MHz, Ω = 1 MHz,
ω
(0)
m = 5516.8 MHz, Γ = 8 MHz.
To solve the master equation at the steady state, we restrict the Hilbert
space up to the first excitation manifold, where a maximum of one-phonon
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Fock state is considered in the whole system. This is well-justified because
(i) the mechanical resonator is in the ground state due to the low tem-
perature, and (ii), the qubit excitation amplitude will be smaller than its
linewidth, Ω < Γ. In Figure 5-2, we compare the experimental measure-
ment of the qubit population with the numerical simulation of the master
equation. Since the free spectral range is larger than the qubit-mechanics
coupling rate, g
(i)
m < ωFSR, there are separated vacuum Rabi splittings, and
the qubit interacts mostly with one mechanical mode at a time. The qubit




)∣∣ 5.7 GHz, with the specific parameters of the ex-
perimental setup.
5.2. Frequency modulation and Landau-Zener
interference
Much more interesting than the situation above, is the modulation of the
qubit to make it interact resonantly with multiple modes simultaneously.





where A is the modulation amplitude and ωrf is the modulation frequency.
Notice that this term dynamically changes the qubit frequency, ωq(t) = ω0+
A
2
cos (ωrft). The modulation amplitude establishes how many modes the
qubit interact with ( number of modes ∼ A/2ωFSR). The total Hamiltonian
now is:
H(t) = H ′DJCH +Hz(t). (5-6)
As it is, this time-dependent Hamiltonian is not very convenient to find the
steady state of the system. The following procedure will allow us to replace
such time dependency with multiple time-independent Hamiltonians, each
one interpreted as an interaction between a qubit and a mechanical side-
band. Although this problem can be solved approximately using the Floquet
matrix approach, our treatment keeps generality in the Hamiltonian. First
of all, we remove the term Hz(t) by performing the unitary transformation
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inωrf t + h.c.). (5-8)
Now the time dependency is in the qubit-mechanics interaction as well as
in the excitation field term. This is removed after moving to the interaction




m −ωext)b†ibi, and then


























i(ω0−ωext+nωrf )t + h.c.) (5-9)
which, after make n→ n− k in the first term only, can be rewritten as


























i(ω0−ωext+nωrf )t + h.c.) (5-10)
Then we remove the fast oscillating terms by using the transformation
















Finally, the time-independent effective Hamiltonian is a double expansion


































eff is understood as the interaction between the nth-order sideband of
the qubit and kth-order sidebands of all the mechanical modes as displayed
in Fig. 5-3a. Let us assume that the qubit is at resonance with the mode
ω
(i)
m in the figure, and the remaining modes are separated by integer multi-
ples of ωFSR. The qubit interacts mainly with the ith-mode at a rate given
by g
(0)
eff = gmJ0(A/ωrf), and, if ωFSR is larger than 2gm, the qubit interacts




m ) at most, forming
a multipartite dressed state. Then, further mechanical modes exhibiting
first-order sidebands (displayed as blue lines), cross such dressed state and
interacts with the qubit at a rate g
(±1)
eff = gmJ±1(A/ωrf), where − (+) is for
above (below) mechanical modes respect to the qubit. In particular, a mode
j × ωFSR away from the qubit, crosses it at ωrf = jωFSR. Similarly, a mode
l×ωFSR away from the qubit, exhibits a second-order sideband that becomes
resonant at 2ωrf = lωFSR, with an effective interaction g
(2)
eff = gmJ2(A/ωrf)
(see green lines in the figure).
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In Fig. 5-3b, the effective couplings, g
(n−k)
eff /gm, are plotted as functions
of the ratio ωrf/A. For ωrf/A < 0.2, the Bessel function oscillates almost
equally for all orders. In contrast, for ωrf/A > 0.2 there are several key
points where a certain interaction can be reduced compared to others, for
instance, ωrf/A ≈ 0.5 maximises the first-order interaction respect to the
zero- and second-order interactions. This can be used to maximise the en-
tanglement between opposite first-order sideband modes intercepting the
qubit. For ωrf/A  1, the zero-order effective interaction approaches gm,
while the others vanish. Notice that the drive term depends effectively of
Jn(A/ωrf) as well. Up to the first excitation manifold, the matrix represen-







m + kωrf 0 · · · 0 gmJn−k(x) 0
0 ω̄
(2)







0 0 · · · ω̄(N)m + kωrf gmJn−k(x) 0
gmJn−k(x) gmJn−k(x) · · · gmJn−k(x) ω̄0 + nωrf Ω2 Jn(x)









m − ωext, ω̄0 = ω0 − ωext and x = A/ωrf. The density matrix








where Lσ−(ρ) = 2σ−ρσ+ − {σ+σ−, ρ}.
5.2.1. Single-qubit under longitudinal an transverse
driving fields
Before go through the multimode problem, let us study the situation of a
system consisting of a single-qubit driven in σx and σz, i.e., neglecting the
presence of mechanical modes in Hamiltonian 5-11:
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(a) (b)
, 0
Figure 5-3.: (a) Scheme of the qubit and mechanical modes sidebands.
Black lines depict zero-order sidebands, while blue and green
lines correspond to first- and second-order sidebands, re-
















This is a problem widely studied in several platforms and deserves a brief
discussion. In Fig.5-4a we plot the qubit population as a function of the
longitudinal and transverse driving frequencies, ωext and ωrf. We see that
the qubit has sidebands that separate more and more as the modulation
frequency increases. As demonstrated in previous works [164, 165], this
problem can be understood in term of a multiphoton-transitions process
where the qubit takes multiple photons of frequency ωrf from the modula-
tion (longitudinal) field, and then, given the coupling with the transverse
(excitation) field, the qubit performs Rabi oscillations with frequency
R(n) =
√
(ω0 − ωext + nωrf)2 + Ω2J2n (A/ωrf),
where we can see clearly the multi-photon resonance condition, nωrf =
ωext − ω0 (n = 0,±1,±2, . . . ).
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Figure 5-4.: LZS interference in a single-qubit. (a) Steady-state qubit pop-
ulation as a function of ωext − ω0 and ωrf. Parameters: Ω = 3
MHz, A = 110 MHz and Γ = 8 MHz. (b) Adiabatic eigen-
states of the driven qubit. (c) Probability of the state |g〉
during a single passage for a quasi-adiabatic A = 1 (red line)
and a non-adiabatic A = 20 (blue line) modulation. Initial
condition: |g〉 at ∆0 = ω0 − ωext = −100. The dashed black
line indicates the predicted Landau-Zener transition proba-
bility, PLZ = 1 − exp{−πΩ2/2A} [165], for the non-adiabatic
passage (A = 20).
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There is also an additional and more interesting interpretation of this prob-
lem in terms of a photon-assisted Landau-Zener-Stückelberg interference. In







σx, as functions of the detuning ∆ = ω0 − ωext. As
it is, there is no coherent mechanism to induce transitions between these
eignestates, |+〉 and |−〉. It is known that for a rapid modulation of one
of the parameters that reveals the anticrossing, in this case the detuning:
∆ → ∆ + At, there are non-adiabatic transitions between the eigenstates,
|+〉 ↔ |−〉, or equivalently, there is a probability, PLZ, to keep the qubit
in the bare state |e〉 (or |g〉) after a single passage through the anticrossing
region. In Fig. 5-4c, we plot the state |e〉 probability during the passage
for an ”adiabatic” velocity, i.e., A small, and for a rapid transit through the
anticrossing, i.e., A large. In the first case, the qubit starting in the state
|e〉, turn completely into the state |g〉, by keeping mostly the dressed state
|+〉 during the passage. On the contrary, for the rapid situation, the qubit
acquire a probability to keep in the state |e〉 after the passage, indicating
a transition from |+〉 to |−〉. This phenomenon is called Landau-Zener
tunneling. Moreover, under multiple passages provided by the sinusoidal
modulation, there is an accumulated phase carrying the information of all
these non-adiabatic transitions. Specifically, the phase between two consec-
utive passages interfere, which finally results in an interference pattern in
the qubit population. This is also known as the Landau-Zener-Stückelberg
(LZS) interference. In particular for the Hamiltonian 5-14, the qubit first
absorbs n photons from the excitation field, and then, undergoes LZ tran-
sitions between states |+, n− 1〉 and |−, n〉, this is the reason why the phe-
nomenon adopts the name of photon-assisted LZS interference. The same
analysis can be extrapolated to the single-mode and multimode Jaynes-
Cummings models. In the latter case, by looking at Fig. 5-2b, the system
has multiple paths to perform these non-adiabatic transitions, and the in-
terference pattern is expected to be more complex as we will see in the rest
of the chapter. The problem of LZS interference in single qubits has been
extensively studied on both theoretical and experimental sides [165–169].
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5.2.2. Modulation of the multimode JC: Theory vs
Experiment
Following the discussion on the multimode mechanical system coupled to
qubit with a sinusoidal modulation, we analyse the behaviour of the sys-
tem as a function of the modulation and excitation frequencies. Similar to
the single-qubit problem studied previously, the measurement of the qubit
state, in Fig. 5-5a, shows five bands as well, but now with an inner pattern
in each of these bands. The effective Hamiltonian 5-11, derived analytically,
allows us to understand this pattern as qubit crossed by different sideband
orders of the multiple modes in the system. Firstly, by comparing with
5-4a, we see in all bands that now the state is split in 4 bright and parallel
states corresponding to the eigenstates of the qubit coupled to the closest 3
modes, with a coupling strength g
(0)
eff = gmJ0(A/ωrf). Further modes inter-
act weakly with the qubit. Secondly, in the central band, the qubit interacts
with first-order sidebands of mechanical modes below (k = +1) and above
(k = −1) the qubit. In band with n = 1, the qubit interacts with zero-order
sidebands of above mechanical modes (k = 0) and second-order sideband of
below mechanical modes (k = 2). In band with n = 2, the qubit interacts
with fist-order sidebands of above mechanical modes (k = 1) and third-
order sidebands of below mechanical modes (k = 3). All of these couplings
occur with an interaction rate g
(|±1|)
eff = gmJ1(A/ωrf). As shown in Fig. 5-
5b, the numerical solution of the master equation using Hamiltonian 5-11,
match very well with the experiment except for a shift to the left in the
experiment, due to the nonlinear dependency of the qubit energy with the
magnetic flux. Notice that by operating in key points as the ones marked in
Fig. 5-5b, different mechanical modes can be brought into resonance with
the qubit allowing interface and hybridise different modes, which is ideal to
generate phonon-phonon entanglement and multimode memory cells.
In order to see higher interaction orders, i.e., those with a coupling rate
g
(2)
eff = gmJ2(A/ωrf), we show in Fig. 5-6a higher resolution plot zoomed at
the central band n = 0. In both experiment and theory plots we can see thin
diagonal lines corresponding to second-order sidebands of mechanical modes
(k = 2) crossing the qubit. For these values of ωrf , and the modulation set in
A = 210 MHz, the zero- and first-oder interaction rates are approximately










eff ≈ 2.7), so they show up as thinner anticrossing lines.





eff ≈ 11. By looking closely the first-order sidebands in Fig. 5-6a,
we can see faint parallel lines that correspond to spurious modes arising
from the geometry of the qubit electrodes facing the piezoelectric layer.
These spurious modes are hundred kHz around the main modes and couple
weakly with the qubit. For the simulation we consider two spurious modes
separated 0.7 MHz from the main modes and with a mechanical coupling
of gsm = gm/10.
(b)
(a)
Figure 5-5.: LZS interference in the multimode-JC. (a) Experiment and (b)
Simulation of the steady-state qubit population. Parameters
of the simulation: gm = 5.5 MHz, A = 110 MHz, Ω = 3 MHz,
Γ = 8 MHz and ωFSR = 17.4 MHz.
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Figure 5-6.: Qubit-induced mechanical sidebands. (a) Experiment and (b)
Simulation of the steady-state qubit population. This plot
corresponds to a zoom in the central band in Fig. 5-5, but
with a larger modulation amplitude, A = 210 MHz. The
remaining parameters do not change. (c) and (d) show two
slices in ωrf = 139 MHz and ωrf = 145 MHz, respectively, as
indicated in (b).
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Finally, we pay special attention to two slices of 5-6b marked with white
dashed lines: one at ωrf = 139 MHz containing a point of full resonance and
the other at ωrf = 145 MHz with all sidebands modes and qubit detuned.
The first case (Fig. 5-6c) shows four peaks indicating the 4 eigenstates com-
posed of the qubit and the 3 closest modes. In particular, with the resonant
mode, the qubit forms dressed states with and splitting 2g
(0)
eff = 2gmJ0(x),
such that the two sideband modes do not meet the qubit at resonance, and
thus, couple dispersively to the dressed states and shift them by an amount
δ = gmJ
2
1 (x)/J0(x). So the effective splitting, S = 2g
(0)
eff + 2δ ≈ 2gm, re-
covers the value as if there was no modulation, however, these two peaks
(marked with 2 and 3 in the plot) correspond to four partite states composed
by the qubit, the resonant mode and the two sideband modes. On the other
hand, when the sidebands mechanical modes are detuned from the qubit
bare energy at ωrf = 145 MHz (Fig. 5-6d)), they become almost resonant
with the dressed states instead, and split them, producing even more peaks.
5.3. Quantum storage
In this section we focus on the time evolution of the system under frequency
modulation, and how this can be used as a quantum memory. First of all,
we analyse the dynamics of the qubit state as a function of the modulation
amplitude as shown in Fig. 5-7. The experiment was made with a new sam-
ple [145] with parameters ωFSR = 39 MHz, gm = 3.1 MHz, Γ = 0.78MHz
and γm = 0.76 MHz, so the setup is actually in the strong coupling regime,
gm > Γ + γm. Since the free spectral range of the resonator is much larger
than the qubit-mechanics coupling strength, we will consider the qubit in-
teracting with just a single resonant mode, and exchanging energy with a
Rabi frequency, gm.
Now the mechanical losses are introduced in the system with a Lindblad
term, γm
2
Lb(ρ). As soon as the modulation field is activated, the 0th-
order interaction between the qubit and the phonon mode is reduced to
g
(0)
eff = gmJ0(A/ωrf). In figures 5-7a and 5-7b we can see that the qubit pop-
ulation, 〈σ+σ−〉, exhibits varying Rabi oscillations with a period T = π/g(1)eff
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that increases as the modulation amplitude increases until reaching a point
of non-oscillation marked with the black dashed line, for which the qubit de-
couples from the mechanical mode, i.e., g
(0)
eff = 0. Since the 0th-order Bessel
function has a root at Aoff/ωrf = 2.4 and the modulation frequency is fixed
at ωrf = 30 MHz, this off-interaction value for the modulation amplitude is
Aoff = 72 MHz. For larger values of A, the system experiences Rabi oscilla-
tions with frequency that first increases and then decreases until reaching
the second root of J0 at A/ωrf = 5.52. Even though the experimental setup
was not designed to perform measurement directly on the mechanical res-




, as shown in Fig.
5-7b. For Aoff, it can be seen that there are no phonons indicating that the
resonator is not interacting with the qubit. This critical point is suitable to
externally turn the interaction on and off, i.e., a modulation switch.
This modulation switch can be used in a single time-domain experiment to
hold the excitation in either the qubit or the mechanical resonator. In Fig.
5-8a, with the qubit initially excited, the modulation is off during a single
Rabi period, and then is turn on with an amplitude Aoff such that the inter-
action vanishes and the state is completely the qubit excited decaying with
a rate Γ until the modulation field goes out again and the Rabi oscillation
is recovered. In Fig. 5-8b, the modulation is activated after one and a half
Rabi period such that the excitation is kept in the mechanical resonator
instead.
The scheme in 5-8b is the operating principle of a quantum memory. Af-
ter the qubit is prepared in some target or input state, |ψin〉, the storage
protocol consists of the following steps:
1. Writing: The qubit interacts with a resonant mechanical mode dur-
ing a half of the Rabi period, tw = T/2 = π/2gm, until the state is
completely transferred to the phonon mode.
2. Storage: The frequency modulation is turn on with a ratio Aoff/ωrf =
2.4 such that the 0th-order interaction vanishes, and thus, the qubit
effectively decouples from the mechanical mode. Therefore, the res-
onator holds the state until the modulation field is turn off. The
storage time, ts, is fully controllable for the user.
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Figure 5-7.: Tuning of Rabi oscillations by a modulation field. (a) Ex-
perimental measurement and (b) theoretical simulation of the
qubit population, 〈σ+σ−〉, as a function of the time and mod-
ulation amplitude [145]. (c) Phonon mean number in the
mechanical resonator. Parameters: ωm = ω0 = 5.5 GHz,
gm = 3.1 MHz, Γ = 0.78MHz, γm = 0.76 MHz and ωrf = 30
MHz. Initial condition: |e〉.
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Figure 5-8.: Modulation switch for the qubit-mechanics interaction [145].
The modulation field window is timed such that the quantum
is kept in either (a) the qubit or (b) the mechanical mode.
Same parameters as those in Fig. 5-7 and A = Aoff = 72
MHz.
3. Reading: As soon as the modulation is switch off, the mechanical
mode interacts once again with the qubit. After a half Rabi period,
tr = T/2 = π/2gm, the excitation returns to the qubit, and a mea-
surement of the qubit state indicates how similar is the output state
to the input state.
In Fig. 5-9a the three stages of the protocol are illustrated with the dy-
namics of the qubit population and phonon mean number. The mechan-
ical resonator decay was set to γm = 76 kHz which is perfectly feasible
in current experiments. The qubit is prepared in a superposition state
|ψin〉 = (|g〉+ |e〉) /
√
2 as represented with the qubit-reduced density ma-
trix in Fig. 5-9b. To reduce the detrimental effect of qubit losses as much as
possible, the qubit is allowed to interact with the mechanical resonator just
a half Rabi Period, tw = T/2 = π/2gm, long enough to transfer the state
to the mechanical mode. Once there the mechanical resonator holds the
quantum as a superposition state, |ψs〉 ≈ (|0〉+ |1〉) /
√
2 (Fig. 5-9c), for
multiple Rabi periods depending on the modulation window width. Note
that during this stage the excitation is decaying at a rate γm, so the state
is more or less well preserved within a microsecond interval for mechanical
losses of tens of kHz. The reading phase lasts one half of the Rabi period,
and then, the qubit state or output state, |ψout〉, should be measured and
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Figure 5-9.: Storage protocol. (a) qubit population and phonon occupa-
tion in the stages of writing, storage and reading. (b) input
state at t = 0 (c) storage state at t = 0.3 µs and (d) output
state at 0.64 µs. Parameters: gm = 3.1 MHz, Γ = 0.78 MHz
and γm = 76 kHz.
compared with the input state. In Fig. 5-9d we can see that this state is
very similar to the input state with a fidelity of 86%.
5.4. Conclusions of the chapter
In this chapter we have studied a circuit QAD system consisting of a multi-
mode mechanical resonator coupled to a transmon qubit working as a TLS.
By modulating periodically the qubit, the multipartite system experiences
LZ transitions that result in an interference pattern which is preserved until
the steady state. For this multimode Jaynes-Cummings system, the LZS
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interference can also be interpreted as a grid of qubit and mechanical side-
bands that interact each other with a tunable coupling strength. Moreover,
there are some operating points where the qubit can be interface with mul-
tiple modes simultaneously, thus, providing a scheme to mediate phonon-
phonon interactions and generate entanglement between mechanical modes.
We have also explored the system in the time domain considering just a
single resonant mode interacting with the qubit. We have demonstrated
that the Rabi oscillations can be controlled by the modulation field am-
plitude, and even more, the interaction can be effectively switch off in the
roots of the Bessel functions, J0 (A/ωrf ). In particular, using the first root,
A/ωrf = 2.4, it has been demonstrated dynamic control of the interaction in
a single time-domain experiment, in which the coupling is switched on and
off at will. Furthermore, we use this idea to design a protocol for quantum
storage, where the qubit, after being prepared in a desired state, is set to
interact with and transfer its state to a mechanical mode, then, by tuning
the interaction off with specific modulation parameters, the state is stored
in the mechanical resonator. Finally, the modulation field is removed and
the state is retrieved back to the qubit with a high fidelity respect to the
initial state.
In conclusion, the combined effect of a qubit modulated in frequency with
multiple modes of a mechanical resonator, offers a map of interesting points
that can be used as a platform for quantum processing and multimode en-
tanglement [170]. Taking advantage of the high quality factors of mechanical
resonators, the system would work as a quantum memory with high perfor-
mance [143, 161, 171]. Even though we have studied the storage protocol in
a regime of parameters for which just a single resonant mode interacts with
the qubit, it is worth to study other operating points involving sideband of
detuned mechanical modes in order to see the storage in a cell made up of
several modes.
6. Summary and conclusions
In this thesis I studied tripartite systems consisting of qubits, photon cav-
ities and mechanical resonators, i.e., hybrid optomechanical systems. The
main results of the work can be summarised as follows.
First of all, we investigate how the mechanical resonator is able to mediate
the interaction between photons in a cavity and a quantum TLS. Such a
mediation was studied in terms of the density matrix including the effect
of losses and incoherent drive in the system, the phonon-induced polaritons
were studied in time and frequency domains. In addition, we calculated the
entanglement between light and matter as well as the second-order correla-
tion function. Under particular sets of parameters, the light emitted by the
system exhibits antibunching and sub-Poissonian statistics, both indicating
that the setup can be used as a source of single photons.
Then, we increase the number of systems by considering two cQED subsys-
tems coupled through a mechanical resonator. We show that the system
presents a rich structure of dressed states or intercavity normal modes.
Moreover, we found the best set of parameters for which the mechanical
resonator is able to entangle both cQED systems, and focus on the bipar-
tite entanglement among the different parts composing the system. Given
the increasing capabilities with mechanical resonators, the idea can be ex-
trapolated to phonon-based networks where cQAD nodes interact with a
common photon bus.
Finally, leaving the cavity in a passive role just to measure the state of the
system, we study a superconducting qubit coupled to a multimode mechani-
cal resonator. A modulation to the qubit frequency allows it to interact with
several modes simultaneously assisted by Landau-Zener transitions through
the whole eigenstates ladder of the multimode Jaynes-Cummings Hamilto-
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nian. By removing the time dependency of the Hamiltonian, we were able to
derive an effective Hamiltonian accounting for qubit sidebands interacting
with mechanical sidebands. The study was also carried out in the time do-
main, in which the modulation can act as a switch of the qubit-mechanics
interaction, and thus, can be used as a quantum memory by storing the
state in the resonator modes. The numerical simulations fit perfectly with
the experimental measurements.
All of the above results offer immediate benefits to quantum networks where
single photons on-demand, node-node entanglement and quantum storage
are key ingredients. That is the reason why hybrid optomechanical systems
are drawing the attention of the scientific community, especially, in quan-
tum technology research. With the increasing improvements to the physical
systems used, mechanical resonators are expected to be integrated soon in
existing quantum devices for real-world applications.
More than closing the topics studied, the work carried out here paves the
road to further research. In particular, the generalisation of chapter 4 to
higher excitation manifolds and including dissipation, is necessary to affirm
that mechanical resonator can actually work to entangle nodes in a quantum
network. On the other hand, the study for quantum storage developed in
chapter 5 can be extended to the case where the information is split and
stored in multiple modes. Another interesting point is the determination of




by Laplace transform method
The computation of the power spectrum is usually carried out by integrating
the first order correlation function over time and then taking the Fourier















The main difficulty here is the calculation of the two-time correlation func-
tion, which is done by using the Quantum Regression Theorem (QRT) [].
QRT provide us an analog differential equation system for the two-time cor-
relators in terms of single-time correlators. Given an open system described
by the Liouvillian L and ruled by the master equation: ∂tρ = Lρ, the QRT
states that for a set of operators Oj whose expectation values satisfy a closed






Lj,k 〈Ok(t+ τ)〉 , (A-2)
the expectation value of the two-time correlator between the operator Oj






Lj,k 〈C(t)Ok(t+ τ)〉 , (A-3)
This is a powerful tool since now there is an explicit way to determine
two-time correlation functions. In this case C(t) = a†(t), and by writing




n |α, n− 1〉 〈α, n|, the first-
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where Aα,n = |α, n− 1〉 〈α, n|, and α denotes the degrees of freedom other
than the cavity.
For a Hamiltonian that preserves number of particles, the evolution of the
operator Aα,n is coupled to all the projectors |α, n〉 〈β,m| satisfying α+n =





= Tr{ρ |α, n〉 〈β,m|t+τ} = ρβ,m;α,n(t+
τ), and thus, they evolve according with the master equation, i.e., ruled by
the Liouvillian matrix:
∂ty = Ly. (A-5)
Here ydenotes the vector with all the non-diagonal elements of the density
matrix, ρβ,m;α,n, satisfying α + n = β + m − 1. If the pumping provided
to the system is not much larger than the losses, it is enough just a finite
subset of the Hilbert space to describe the dynamics of the system, which
implies that the above system of differential equation is closed. This system
of differential equations can be also written in a diagonal representation:
∂tỹ = Dỹ, (A-6)
The solution of this last equivalent system is ỹ(t) = eDtỹ(0). The transfor-
mation between both representations is given by
ỹ = S−1yS. (A-7)
where D is a diagonal matrix with the eigenvalues of L, and S the eigen-
vectors of L as columns. By taking the Laplace transform of A-6 and
substituting A-7 , we obtain:
sỸ(s)− Ỹ(0) = DỸ(s), (A-8)





y(t+ τ)eiωτdτ = S (iω1−D)−1 S−1y(0). (A-9)
y(0) is the notation for the initial condition of the system A-5, i.e, the
density matrix in the steady state:
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y(τ = 0) = ρβ,m;α,n(t→∞) (A-10)
Once all the above is calculated, it is straightforward to rebuild the spec-
trum A-1 by choosing from Y(ω), the components related with 〈Aα,n〉. It
is worthy to highlight that the imaginary part of the eigenvalues are the
poles or characteristic frequencies of the light emitted by the system and
are related with the Hamiltonian interactions. The real part of the eigen-
values provide the widths of those peaks and thus are associated to the
non-coherent mechanisms introduced as Lindblad operators.

B. Quantum regression theorem
for the second-order
correlation function





〈a†(t+ τ)a(t+ τ)〉 〈a†(t)a(t)〉
(B-1)
The numerator involves the expectation value in two times, then, similar
to the calculation of the first-order correlation function, we can recall the
Quantum Regression Theorem. In this case the operator a†(t + τ)a(t + τ)
can be expanded as follows:
a†(t+ τ)a(t+ τ) =
∑
α,n
n |α, n〉 〈α, n| (B-2)

















where Naα,n = |α, n〉 〈α, n|, with α denoting the degrees of freedom other
than the cavity. The expectation value of these operators correspond to
the diagonal elements of the density matrix, ρα,n;α,n, and in case that the
Hamiltonian preserves the number of particles ([N,H] = 0), such elements
are coupled to elements ρβ,n;α,n with α + n = β + m. According with the
QRT, the evolution of the set of correlators
〈
a(t)a†(t) |α, n〉 〈β,m|t+τ
〉
is
governed by the same set of differential equations ruling the dynamics of
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}. If the Hamiltonian does not preserve
number of particles, for example with the a presence of coherent driving, all
combinations |α, n〉 〈β,m| contribute to the solution, and the size of the sys-
tem of differential equations is N ×N , with N the dimension of the Hilbert
space of the system, of course, truncating to some high excitation manifold
depending on the pumping-dissipation energy ratio.
At the steady state, t → ∞, the initial conditions for the QRT equations
correspond to the steady state of the system itself, z(τ = 0) = ρβ,m;α,n(t→
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“Characterization of dynamical regimes and entanglement sudden
death in a microcavity quantum dot system”, Journal of Physics:
Condensed Matter 21 (2009) 10.1088/0953-8984/21/39/395603,
https://doi.org/10.1088/0953-8984/21/39/395603 (cit. on
p. 16).
[92] K. C. Schwab, and M. L. Roukes, “Putting mechanics into quantum
mechanics”, Physics Today 58, 36 (2005), http://dx.doi.org/10.
1063/1.2012461 (cit. on p. 16).
[93] M. Poot, and H. S.J.V. D. Zant, “Mechanical systems in the quantum
regime”, Physics Reports 511, 273 (2012), http://dx.doi.org/10.
1016/j.physrep.2011.12.004 (cit. on p. 16).
[94] W. Bowen, and G. Milburn, Quantum Optomechanics (CRC Press,
2016) (cit. on p. 16).
[95] M. Aspelmeyer, P. Meystre, and K. Schwab, “Quantum Optomechan-
ics”, Physics Today 65, 29 (2012), http://dx.doi.org/10.1063/
PT.3.1640 (cit. on p. 16).
[96] M Aspelmeyer, T. J. Kippenberg, and F Marquard, “Cavity optome-
chanics”, Reviews of Modern Physics 86, 1391(62) (2014), https:
//doi.org/10.1103/RevModPhys.86.1391 (cit. on pp. 16, 18, 21,
22, 27).
[97] I. Favero, and K. Karrai, “Optomechanics of deformable optical cav-
ities”, Nature Photonics 3, 201 (2009), https://doi.org/10.1038/
nphoton.2009.42 (cit. on p. 16).
Bibliography 99
[98] C. A. Regal, and K. W. Lehnert, “From cavity electromechanics to
cavity optomechanics”, Journal of Physics: Conference Series 264
(2011) 10.1088/1742-6596/264/1/012025, https://doi.org/10.
1088/1742-6596/264/1/012025 (cit. on p. 16).
[99] Y. L. Liu, C. Wang, J. Zhang, and Y. X. Liu, “Cavity optomechanics:
Manipulating photons and phonons towards the single-photon strong
coupling”, Chinese Physics B 27, 1 (2018), https://doi.org/10.
1088/1674-1056/27/2/024204 (cit. on pp. 16, 22).
[100] C. K. Law, “Interaction between a moving mirror and radiation
pressure: A Hamiltonian formulation”, Physical Review A 51, 2537
(1995), https://doi.org/10.1103/PhysRevA.51.2537 (cit. on
p. 16).
[101] M. Aspelmeyer, J. Chan, T. P. M. Alegre, A. H. Safavi-naeini, J. T.
Hill, A. Krause, and S. Gro, “Laser cooling of a nanomechanical
oscillator into its quantum ground state”, Nature 478, 89 (2011),
https://doi.org/10.1038/nature10461 (cit. on p. 19).
[102] T. A. Palomaki, J. W. Harlow, J. D. Teufel, R. W. Simmonds, and
K. W. Lehnert, “Coherent state transfer between itinerant microwave
fields and a mechanical oscillator”, Nature 495, 210 (2013), http:
//dx.doi.org/10.1038/nature11915 (cit. on p. 19).
[103] L. Ding, C. Baker, P. Senellart, A. Lemaitre, S. Ducci, G. Leo, and I.
Favero, “High frequency GaAs nano-optomechanical disk resonator”,
Physical Review Letters 105, 1 (2010), https://doi.org/10.1103/
PhysRevLett.105.263903 (cit. on p. 19).
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and S. Gröblacher, “Optomechanical Bell test”, Physical Review Let-
ters 121, 1 (2018), https://doi.org/10.1103/PhysRevLett.121.
220404 (cit. on p. 21).
Bibliography 103
[129] G. Luo, Z.-z. Zhang, G.-w. Deng, H.-O. Li, G. Cao, M. Xiao, G.-
C. Guo, L. Tian, and G.-P. Guo, “Strong indirect coupling between
graphene-based mechanical resonators via a phonon cavity”, Nature
Communications 9 (2018) 10.1038/s41467-018-02854-4, https:
//doi.org/10.1038/s41467-018-02854-4 (cit. on p. 21).
[130] O. Di Stefano, V. Macr̀ı, A. Ridolfo, R. Stassi, A. F. Kockum, S.
Savasta, and F. Nori, “Interaction of Mechanical Oscillators Mediated
by the Exchange of Virtual Photon Pairs”, Physical Review Letters
122, 1 (2019), https://doi.org/10.1103/PhysRevLett.122.
030402 (cit. on p. 22).
[131] P. Rabl, “Photon blockade effect in optomechanical systems”, Phys-
ical Review Letters 107, 1 (2011), https://doi.org/10.1103/
PhysRevLett.107.063601 (cit. on p. 22).
[132] A. Nunnenkamp, K. Børkje, and S. M. Girvin, “Single-photon op-
tomechanics”, Physical Review Letters 107, 1 (2011), https://doi.
org/10.1103/PhysRevLett.107.063602 (cit. on p. 22).
[133] M. A. Lemonde, N. Didier, and A. A. Clerk, “Enhanced nonlinear in-
teractions in quantum optomechanics via mechanical amplification”,
Nature Communications 7 (2016) 10.1038/ncomms11338, https:
//doi.org/10.1038/ncomms11338 (cit. on p. 22).
[134] V. Savona, “Unconventional photon blockade in coupled optomechan-
ical systems”, arXiv:1302.5937v2 (2013) (cit. on p. 22).
[135] V. Fiore, Y. Yang, M. C. Kuzyk, R. Barbour, L. Tian, and H. Wang,
“Storing optical information as a mechanical excitation in a silica
optomechanical resonator”, Physical Review Letters 107, 1 (2011),
https://doi.org/10.1103/PhysRevLett.107.133601 (cit. on
p. 22).
[136] J. Li, W. Bin, and K. D. Zhu, “All-Optically controlled quantum
memory for light with a cavity-optomechanical system”, Entropy 15,
434 (2013), https://doi.org/10.3390/e15020434 (cit. on p. 22).
104 Bibliography
[137] a. D. O’Connell, M Hofheinz, M Ansmann, R. C. Bialczak, M Lenan-
der, E. Lucero, M Neeley, D Sank, H Wang, M Weides, J Wenner,
J. M. Martinis, and a. N. Cleland, “Quantum ground state and single-
phonon control of a mechanical resonator”, Nature 464, 697 (2010),
https://doi.org/10.1038/nature08967 (cit. on pp. 22, 23, 27).
[138] Y. Chu, P. Kharel, W. H. Renninger, L. D. Burkhart, L. Frunzio,
P. T. Rakich, and R. J. Schoelkopf, “Quantum acoustics with super-
conducting qubits”, Science 358, 199 (2017), https://doi.org/10.
1126/science.aao1511 (cit. on pp. 22–24, 27).
[139] J. J. Viennot, X Ma, and K. W. Lehnert, “Phonon-Number-Sensitive
Electromechanics”, Physical Review Letters 121, 1 (2018), https:
//doi.org/10.1103/PhysRevLett.121.183601 (cit. on pp. 23, 24).
[140] R. Manenti, A. F. Kockum, A. Patterson, T. Behrle, J. Rahamim, G.
Tancredi, F. Nori, and P. J. Leek, “Circuit quantum acoustodynamics
with surface acoustic waves”, Nature Communications 8, 1 (2017),
https://doi.org/10.1038/s41467-017-01063-9 (cit. on pp. 23,
24).
[141] I Yeo, P.-L. de Assis, A Gloppe, E Dupont-Ferrier, P Verlot, N. S.
Malik, E Dupuy, J Claudon, J.-M. Gérard, A Auffèves, G Nogues,
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